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Pareto improvements of Nash equilibria in differential games.
Atle Seierstad, University of Oslo'?

Abstract This paper yields sufficient conditions for Pareto inoptimality of con-
trols forming Nash equilibria in differential games. In Appendix a result yielding
existence of open loop Nash equilibria is added.

Keywords: Differential games, Nash equilibria, Pareto improvements.
JEL Classification C73

Introduction. In static one-shot games, Nash equilibria are frequently not
Pareto optimal. Thus, not seldom cooperation can improve payoffs to all play-
ers. In particular, in two person games, if a Nash equilibrium consist of strategies
in the interior of the strategy sets, Pareto improvements are usually possible.
Similar results hold for dynamic games where either open loop or closed loop
controls are allowed. Sufficient conditions for Pareto improvements to be possi-
ble are stated and proved below. In Appendix a result on existence of open loop
Nash equilibria is added, useful for an example on Pareto inoptimality presented
below. (The assumptions differ from those appearing in existence results found
in the references.)

Let us first consider the simple case of a static one shot game with m players.
Let

r; be the strategy of player i, R; his strategy set (a given interval),
F*(ry,...,my) the payoff to player i.

Let first m = 2 and let (r},r3) be a Nash equilibrium.
Assume that
(i) r} are interior points in R;
and that the following condition on partial derivatives holds:
(i) OFY(ry,r3)/0rs # 0, OF%(r},r3)/r1 # 0.
Then (r7,r3) is not Pareto optimal.
To see this, note that by moving the strategy slightly each player can increase

the payoff of the opponent in the first order, with only a second order effect
on one’s own payoff. (The condition (ii) can most often be expected to hold:

I Adress; Department of economics, Box 1095 Blindern, 0317 Oslo.
e-mail:atle.seierstad @econ.uio.no
2Comments from K.Sydsater have been very useful in order to improve the exposition.



For example, F! is not optimized with respect to 79, so chances are high that
Fl £0)

For more than two players, sufficient conditions for Pareto inoptimality are
more demanding: If (i) holds, and, for all ¢, all Fﬂi (ry,..,mr), 4 # i, differ
from zero and have the same sign for all j, then a strict Pareto improvement is
possible (all players strictly better off).



I. The dynamic game

Let

x() € R™ be the state of player i,

u(® € R¥ be the control of player i, taking values in a given set U;,
z=(zM, .2 = (u®, .. ulm),

O, z, u) be the instantaneous reward to player i,

i = g (t,z,u) be the state equation of player .

We assume that f(9) and ¢(*) are C! (they take values in R and R™, respectively).
There are given natural numbers k) and k;*, kf < k* and real numbers Z%,
k=1,..,k <n,;. Define

Aj={z eRM:q; =z} for k=1,..,k},z; > 7% for k=k +1,....k"*}.

Let a® € R™ be a fixed vector for which ai = 0, k < k* , and denote by
Problem i the problem

u™) ()

max,,(; Wu(l)(')""’ h 1
w (W , where (1)

T
/ FO (2 On ™ O () M (), u™ (8))d, (2)
0
subject to
#@ = gDt 2,u® (), ..., u™ (1)), 2(0) =z}, =i given, (3)

x“(l)(‘)"“"“(m)(')(j)(T) free for j # 1, x“(l)(')"“’“(m(')(i)(T) €A (4)

where x“(l)(')""’“(m)(')(.) is the solution of the m vector equations (3) and
x“<1>(‘)""*“(m)(')(j)(.) is the solution of the j’th vector equation. So player i
seeks a control u(V(.) € U; such that, given u9)(.), j # i, the criterion in (1)
is maximized, subject to the condition (") (T) € A;. He/she is forced to have
2 (T) € A; satisfied, but he/she disregard all conditions z\)(T) € A;, j # 4,
(to have the latter conditions satisfied is not his/her problem but the problem
of the other players!) Player i takes into consideration the influence of u® on
all z0). We shall also consider problems where there are no end conditions, (all
A; are replaced by R™).

In a special case considered below, (C), @ and ¢ will not depend on u(¥), j #
i. Still player i takes into account the influence of u(* on all z\9), j # i, via the
influence of (¥ on these entities, (or more precisely, he takes into consideration
the interplay between all the z(/) ’s when choosing u(i)).



To condition (4), there corresponds a transversality condition (explained in more
detail below):

k< kI :no information on py(7T)

E o= kI+1,.,k7: pr(T) > 0,px(T) = 0if 2x(T) > Zh.

k> k*:pp(T) = a. (5)
I1. Open loop controls Assume that all controls are simply measurable time
functions (open loop controls). Let {4(Y(.)}; be an open loop Nash equilibrium
consisting of piecewise continuous functions, with corresponding solutions (vec-

tor functions) &(*)(.), i.e. for each i, given @/ (.), j # i, 4*(.) yields maximum in
Problem i (see (1)). Let (t) = (2 (¢),..., 2™ (¢)), a(t) = (aM(2),..., 0™ (t)),

P = (P(1)s s P(m))- For p((f) € {0, 1}, define

J

and define p®(t) = (pgzl)) (1), ..,pgz)(t)), where the vector function pg)) (t) is
defined by

B = —Hl (1@ (t), a(t), p@) for j = 1,...,m,p( (1) = 0,5 #i,  (7)

and where pgg (T) satisfies (5) for zx(T) = x,(j) (1), p(T) = pgg(T) (i.e. the
(5))-

components pgzgk(T) of pgg (T) equals the pi(T)’s appearing in

Now, by the maximum principle, there exist a péi) € {0,1} and a function
p@(.) with the above properties such that @) () maximizes

u® — HO¢ (), M (t), ., a1 (8), u® @D (1), 0™ (2), pO (1), (8)
In what follows, some different cases are discussed.

A In the present case, all A; = R", so there are no end constraints and péi) =1.

Then, of course, pg)) (T) =0 for all ¢ and 3.

Consider first the subcase

A1 m = 2.

Let us write down the adjoint equations in this case.
For i = 1 (player 1),

1 1 1 (1 1) (2
dpﬁli(t)/dt == £<1)> —Pglggi& —P§2§Qi<3>
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1 1) (2
p(2;<t)/dt _f((2> 1%9;2(2) p§2§9i<3>

For i = 2 (player 2),

2) (2
(1)(t)/dt x<1)> pglggf&& p§2§9§c<3>

2 2 2
dp(Q; (t)/dt = _f((2> 1)9((2) pggggi(g)

All derivatives on the right hand sides are evaluated at (t,2(, 23, 4D 4(3).

Assume all 4 (t) interior in U; for all . (9)

For j ;é i, u(J (t) oes not usually maximize
A O(t,2(t), aM (1), ..., aUD (@), ul?), a0 (), ..., al™ (1), p (1))

and, in fact, chances are high that H((J)( &(t), a(t), pl)(t)) # 0.
A sufficient condition for Pareto inoptimality is as follows.

Theorem 1. Assume m = 2, (9) and no end conditions. If for i = 1,2,
the derivative Hq(f&) (t7,&(t7), a(t?), p) (+7)) is nonzero for some continuity point
t =1t of u(.) for j # ¢, then a strict Pareto improvement is possible.

A, m > 2.
Then a sufficient condition for Pareto inoptimality is as follows.

Theorem 2. Assume m > 2, (9), no end conditions. If, for each j, for some
continuity point ¢ =t/ of 4(.), for some u/ € R,

HY (69, 8(), a(t?), p' (#))[w? — a(t’)] (10)

is nonzero and has the same sign for all ¢ # j, then a strict Pareto improvement
is possible.

Here, instead of the condition related to (10), we can assume that for some point
€ (0,T), some v/ € R either

HO (¥, 2(8), a0 +), p'(t9)[w) —a(t)]

or
HE (#,2(8),a(t-),p'(#9)[wd — a(t)]

is nonzero and has the same sign for all ¢ # j (t— and t+ means left and

right limits). This condition implies the condition related to (10). (A similar

comment of course pertains also to Theorem 1.)



Theorem 3 Assume m > 2 and no end conditions. Assume that there exist
pairs (t/,u’),t? € (0,T), v/ € Uj, j = 1,...,m, such that, for any ¢, either

HO®W, 2t), 0D +), ..., a0 "Dt 4),w/, a0t (7 4), .., 0™ (#4), p®) (1)) —
HO(W, 2(t7), a(t/+),p (7))= 0,

with strict inequality holding for i # j, or

E(t7), a7 =), ., aU D =), ud a9 =), L Al (1 =), pi) (t9)) —
HO®W (1), (/). p) (1)) > 0,

with strict inequality holding for i # j.
Then a strict Pareto improvement is possible?.

A weaker condition is sufficient for obtaining this conclusion, see the next
theorem.

Theorem 4 Assume m > 2, no end conditions. Assume that for all j, there
exist triples (s7,47,u/), 7 > 0,t; € (0,T), v/ € U; such that for each i,

S SHO W, 2(t), 4N (%), ..., a0V (@), 0, 0D @ %), M (%), pP ()

— S HO @, a(#), £, p (1)) > 0, (11)

(£ meaning either ¢t/ — or ¢/, which one can depend on j). Then a strict Pareto
improvement is possible.

B. Assume no end conditions, that T" = oo, and that for some positive con-
stants k, B and b, for all x, |8f(i)(t,x,ﬂ(t))/8x§€j)| < Bexp(—bt) for all 4,5, k
and |Bg,(;) (t,z, ﬁ(t))/ax,(cj)| <k for all 4, j, k, k'. Here iE(J) (g,(C )) is the component
number k (k) of the vector () (¢). It is assumed that k3", n; < b holds. In
this case, the adjoint functions satisfies a new set of conditions, namely p(i)(t) =
limy_, o p(t, T), where p() (¢, T) satisfies p() = —HZ (¢, 2(t), a(t), p?), p)(T, T) =
Oi‘) (The maximum conditions for each players are still satisfied by p® (t),
poz =1).

3This theorem may be of interest in some bang-bang situations. Consider a simple case
where U = [0,1] and m = 2. Assume that @;(¢) switches from v = 0, to v = 1 at some
t1 € (0,T), Then u; = 0 satisfies the first inequality in Theorem 3 with equality for ¢ = 1,
and one has simply to test whether this inequality holds for ¢ = 2 for u; = 0. (For w1 = 1,
use the second inequality.)



For these p(*) — functions, Theorems 1 - 4 hold (in case of Theorem 1 and 2 (9)
is assumed).

C. When the horizon is finite, Theorems 1 and 2 also hold for end constrained
problems, provided, for each i, f* and ¢* do not depend on u(), j # i, and
provided,

(a) the rank of wigé? (T, z(T),u;(T—)) equals k*, the number of end con-
strained states of :c(i), m=x — (x1, ...:ck;*) T € an

The condition (a) can be replaced by the weaker condition (b): For some
K > 0, 0 is an interior point in {ngq,z)(T)[u —w((T)] : Jul < K} — B
B = {( o0 Yk a1y Ykre) € R ey € [0, K]} (Note that (a) and

(b) imply p(” 1)
Example
Let k;, i = 1,2 be states (real capital belonging to player 7). The capital k;

develops according to
ki = ¢y (K1, ko) — Ciy 0< Cy, ki(0) = kY > 0, K fixed, (12)

where C; is the consumption of player i (the control of player 7). The constraint
on his capital is k;(T') > kI’ > 0, where k! are given numbers < kY. Now, ¢, is
defined and continuous for k1, ko > 0, continuously differentiable for ki, ks > 0,
with 0¢,/0k; > 0 for ki,ke > 0, and either (a) 0¢,/0k; > 0 for ki,ky > 0,
j # i, or (B) 0¢;/0k; < 0 for ki,ka > 0, j # ¢, and with ¢; > 0, ¢1(0,k2) =
¢2(k1,0) = 0.

The problem of player ¢ is

T
max/ v;(C;)dt subject to (12), ki(T) > ki, k;(T) free, j # i.
0

where v;(C), defined on [0, 00), is continuous, increasing and concave, and is
C' on (0,00), with limg_gv}(C) = oo and lime_, 000} (C) = 0. Assume that an
open loop Nash equilibrium (C;(t), k;(t)), i = 1,2, exists, with k;(t) > 0 for all
t. We have

H' = péi)vi(Ci) + pi[#; (ki, k2) — Ci] + pj[d, (K1, k2) — Cj].
Now,

Py = —pidy — p} ¢k (13)

Let us first discuss the solutions of the equations (13) in an informal way.

Consider first the case (/5,(;]) > 0, (j # 14, here and below) With pgz; (T) > 0,



pE;)) (T") = 0, then for ¢ close to T, pgli,pg?) < 0, so both p8< ) and pg ))( ) >0

for t close to T, and from the equations it 1s apparent that this will continue

backwards to t = 0. Consider next the case (bk < 0. In that case, still pE ; <0

close to T (the dominant term —pz(bk is negative), while pE 5 >0, (the dom-

inant term —pl¢k is positive), so for ¢ close to T, pgg( ) > 0 and p(J)( ) < 0.
This will apparently be the case all the way back to 0, because the two terms
in the expression for pE ; (respectively pE )))) are both < 0 (respectively > 0).

A formal proof is obtained by a "backwards version" (presented as Lemma

4 in Appendix) of Theorem A.7 (see also Note A.4) in Seierstad and Sydsseter
(1987). Consider the case ¢,(€? > 0 : Because p < 0 for p¢ = 0, p‘ > 0, and

pz(i)(T) >0, p(i) (T') =0, by Lemma 4 in Appendlx we get, for all ¢, p} ‘() > 0,

1 =1,2, j = 1,2. Consider next the case ¢k < 0 : Applying Lemma 4 to the

differential equations for P g and p(]) (j # 1), by the same type of arguments

we get, for all ¢, pgg( ) >0 and —pEj))( ) >0 (5 #19).

By the maximum condition, pég (t) cannot be zero, so pgg(t) > 0 for all ¢.
Moreover, C; cannot be = 0, because then dk;/dt = ¢; > 0, so k(T) > k9 >
kT, implying pEZ.g(T) = 0, a contradiction. So for some ¢, C(t) > 0, and at ¢
H{, > 0. Combined with pgzg( ) > 0 this gives p(()i) = 1. But then C(s) > 0 for
all s, by the maximum condition. Because pgzi( ) > 0 for all ¢, by the adjoint

equations, p( )( ) #0, j #1, for all t < T. Evidently then, Hc ;)) (t) #0,
j# i€ {l,2},t <T, so a strict Pareto improvement is possible, according to
C and Theorem 1. (Trivially, the rank condition holds, d¢,/0C; = —1.)

If there are several players and, for each j, d¢;/0k; > 0 for all i # j,
or 0¢;/0k; < 0 for all j # ¢, then by the same arguments a strict Pareto
improvement is possible.

Closed loop controls Assume that all controls appearing in the problems are
closed loop control, i.e. functions of ¢ and z. In particular, assume that @) (¢, z),
j = 1,...,m, form a closed loop Nash equilibrium, with corresponding solu-
tions 2U)(t). Suppose that aV)(t,z), j = 1,...,m, are C* for all j. Then p(¥(.)
is defined by p = —[(8/8&:)H(i)(t,:c,ﬁ(t,x)),p(i))]zzi(t)‘l, where a(t,z) =
(@D (t, x), ..., 0™ (t,z), (@) = @D (t),...,2™)(t))). With this change, for
a(t) = a(t, Z(t)), the theorems above still hold.

(So, for j = 1,...,m, adding small constants to @) (¢,z) on small time
intervals improves payoffs to all players, when the conditions in the theorems
are satisfied.)

4When calculating this derivative, the term containing Oﬂ(j)(t,x)/ax drops out due to

@ _
H w(d) =0.



If there are surfaces in (¢, ) -space on which u(7) (¢, ) is discontinuous, then
allowing jumps in p(¥(.) may sometimes work, see Seierstad and Stabrun (2010),
further comments on this case are omitted.

Proofs The proof of Theorem 4 in the no end constraint case follows directly
from standard result in control theory, see Lemma 1 in Appendix. To apply the
lemma, in (11) we need to (and can) move the points ¢/ slightly apart and such
that they are continuity points of 4(.) and with the following inequality holding:

ZSJH(Z 2(t7), aM (#7), ..., a9, u?, a9, e @), p (1)) —

Zst(i) 7, &), a(t?), pD (7)) =~ > 0. (14)

Theorems 1 and 2 follow from the same argument, because, for any j, there is
a u? close to ) (t ) such that, because #/ is a continuity point, for i # j the
inequalities in Theorem 3 hold even for 0 replaced by «;|u/ — @/ (t7)| for some
a;j > 0, while for ¢ = j, the inequalities hold if 0 is replaced by > ¢;(|u? — a7 (t)]),
where ¢;(.) is negative and of the second order in |u/ — a(t)| . So, choosing
|u? — 47 (¢7)| small enough,

ajlu! — @ ()] + (1/(m — 1))e;(Ju’ — @ (£)]) > (a;/2)(|w? — @ (#))),
and hence, in a shorthand notation, for any i # j,
)y pt &), at),pO @)+
NHO @, &(t), .utec, pD () — H(E, 2 (), a(t)),p ()] >
() = (a/2)(Jw? — @ (#7))).

H@')(tﬂ‘,a:o(t'),...uj...,p@)(tj)) HO (4,
(1/(m =1)
a;j(lu’ —a()]) + (1/(m — )) (Iu — (¢

Summing over j # i, we get (14), for s/ =
Proof in case of C (end restrictions).

Proposition. In case of C a strict Pareto improvement w;(t) of a;(¢ )
1,...,m, exists when it is required that 2*(T") € A; for all i, Z'(¢), i = 1,.
the solution corresponding to @ (t), j = 1,...,m

Proof: Let {.}(¥ be the map z — 2() : RX:i" — R™. We give only a

proof for kf = k*. An easy modification, using auxiliary controls, gives a

proof in the case k:* < ki*. Let C(s,t) be the resolvent of the equation ¢\ =

gD (t,2(t), 0 (t)q®, (Ci(t, t) = I, the identity matrix, 90 /0s = g{” (s)C(s,1)).
Define g = (g1, .., g™,



uggy = (@), ., 0N (W), 0l AT T (), L A (1)),

and 1' = m {30, 87 CUT, ) [g(t, 2(8), uz) — g(B, 2(87), a(¢))]} V).
I. Assume first that for some a > 0 for each ¢ there exist a u; € U; such that
h* +amilg" (T, 2(T), u;) — g"(T, &(T), &(T))] = 0,
with @; satisfying
HO(T,&(T),a',p(T)) = HO(T,&(T), a(T), p (1)),
where
a' = (a(T), ..., al=(T), @, a+H(T), ..., a™(T)).
For ¢ > 0, define us(t) =
> w1 19 4559] H(U1, ey ) 50,7 H ) (1=225 115 15 4.559) = LT —6a,1])
Let
=Jo f u'(t))dt, (u=u(t) = (u'(t),...,u™(#))),

let p0 = (pzi,o, .y p59) be the solution of

dp™?/dt = — fi(t,&(t), @' (t)) — p"0g5(t, 2(t), 4 (1)), p"*(T) = O,

let ' := (0, ...,0,p%(T),0,...,0) and let ¢*(t) = p'C*(T, t). Using that dC*(T, t)/dt =
—C¥(T,t)g%, see p. 272 in Sydsamter et al. (2005), and multiplying by p*
in this equality, we get that ¢¢ = —¢'g.. As p"(T) + ¢'(T) = p)(T), then
PO+ (1) = p@D (1), (™0 + 4" =p1).

As explained below (dropping writing & in @, ¢ and HU)), we have
0l ~ ) o
SU(FI(E ul) = FLE, 1)) + 3, 7y () (g7 (8, u7) — g7 (#, (7)) +

a(f(T,a;) — (T, a(T))) = . .
SPE ) = P, @) + 55 8795 (#9) (97 (1, ul) — g/ (8, (1)) -
Py (Talg! (T, ) = g'(T, (1)) =

Vi) =

(J“(tz u) = FUE ) + X2, 870) (tJ)(gj(tj7uj)—gj(tj7ﬁ(tj)))+
(DAL, 87 CUT ) g(ug) = gt ()]} =

(ff(tf i) FrE, A () + 35 S]{plo(tj)(g(tjw(j))*gj(tj,ﬁ(tj)))

+[ﬁ’CZ(T7t])]}(g(t3 u() = 9t a(t?))) =

s ul) = F(E al)) + 25 8T () (9 ugy) — ¢ (F, a(t))) = 7'

Here we have used, successively, (1): Lemma 1 in Appendix, (2): f4(T, ;) —
FUT,(T)) = —p§z§ (1)lg'(#,3,) — g' (T, @ (T))], a consequence of HU)(T, ;) =

H(j)(T,fL(T)), (3) pEg(T)(I - 7Ti) =0 and
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G = h' +am;[g (T, 2(T),u;) — ¢"(T, (T),a(T))] = 0, (15)
(the 1;’s where so chosen above), for any x pgg (T){z}D) = pix, (4): pi(t) =
pHO(t) + p'CY(T,t) and (5): inequality (14).

Let U” be the set of measurable functions u(.) = (ui(.), ..., um(.)), u;(t) € Uj,
and let ¢“% | u,% € U”, be defined by

g (t) = gt a™(t),a(t)) g™ (t) + g(t, 2™ (), u(t)) — g(t, 2" (t), u(t)),
q*“*(0) =0,

and let ¢ = (¢*,...,q"), 7@ = (T121, ..., T ). In fact, |mq®4(T) — 44| is of
the second order in § (apply Lemma 1 in Appendix to ¢% % rather than to
z¥#), and ¢ = 0 by (15). Now, (9) and the rank condition in C is easily seen to
imply that for some &’ > 0, B(0,3¢’) C cleco{ng“*(T) : u € U", essup|u| < K}
say for K = l+essupl|i(t)|. Because % (T) is close to ¢*%(T) uniformly in
u € Uk := {u € U" : essupu| < K} when § is small, then for some §" > 0,
clB(0,2¢") C cleorqVx-%(T), § < §” (see Lemma 3 in Appendix). For some
§* € (0,8"] and some d’ > 0, for any § < §*, any z € B(0,¢’), and any d € (0, d'],
there exists a control ﬂg, such that

735 (T) — 7% (T) = dz, olig,us) < dT, (16)

see Lemma 3 in Appendix. Because |wq% %(T) — q| and |z% (T) — ¢%-%(T)]|
are of the second order, then, for § small, |[rz%(T) — §g| < &(J), for some
second order term (). Fix a ¢’ € (0,6"] such that 2&(0)/e’ < d’ when § < §'.
Define as by 2&(0)as/e’ = —m2®(T) + §G. Then, for § < &', |as/e'| < 1/2, or
las| < €'/2 and das = —7x% (T) + 6q for d = 22(5)/<’. By (16), for § < &', for
some 15 = 1, 7% (T) — 72 (T) = das = —wx®(T) + 0q, i.e. 72 (T) =0,
0'(17,5,@5) <dT = 25(5)7—'/8/.

IT. We cannot always find %; with the properties above. By (9) and the rank
condition in C and the inverse function theorem, there exists a constant K such
that we can find a pair (a,4),a > 0, & = (4, ...., U ), 4 arbitrarily close to @(7T'),
such that for all j, hi = —am;(¢’(T,a;) — ¢ (T, 4 (T))), la(d; — &/ (T))| < K.
Now, at @(T), Hj, =0, so [HY(T, ;)= HO(T,4(T))| < e(|u;—a/ (T)]), e(s) a
second order term in s. Hence K|HU)(T,a;)—HY (T, a(T))|/|a;—4 (T)| < ~7/2
for |a;— @7 (T)| small enough. So a|HY)(T,u;) — HU)(T,a(T))| < ~/2 for
|i; — @’ (T)| small enough, thus a(HY) (T, a;) — HY)(T,4(T))) > —+7 /2. Hence,
at 6 = 0, instead of having dW;* /d§ = ~v* we get dW;* /d§ > ~*/2.

III. By Lemma 2 at § = 0, dWﬁ‘;/dé = dWiﬂ‘;/dé > 4%/2, and the proof is
finished.

Appendix. In Appendix, we consider a standard control problem
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max, ()W) (T) where W*(t) = /0 f(t, (), u(t))dt (17)

subject to
&(t) = g(t, z(t),u(t)),z(0) = o, zo € R" fixed, u(t) € U for all ¢, (18)

(z* the solution corresponding to u = u(.)), U a fixed bounded set, f, g, fz, gz
continuous.

Let U’ be the set of measurable functions with values in U, let 4(.) € U’ be
a given control with corresponding solution (of 18) denoted Z(¢) (assumed to
exist), and let ¢“%(.), u = u(.) € U’, be the solution of

gt (t) = go(t, 2(8), 4(t))g™" + g(t, 2(t), a(t)) — g(t, 2(t), i(t)), ¢**(0) = 0.

Let C(t, s) be the resolvent of the equation ¢(t) = g.(t,2(t),4(t))q, and let p°(.)
be the solution of

P = —fa(t, 2(8), a(t)) — p°(8)ga (8, &(t), (1)), p°(T) = 0.

Let o(u,u) := meas{t : u(t) # u'(t)}. Let {t} be a finite set of distinct conti-
nuity points of a(.), let v/ € U, and let us(t) := 3=, w1y 145591 () + @(t)(1 —
> Lt i 1659)(1)), s’ given positive numbers.

Lemma 1

d[dw"” (T)/dd)s=0 = >, C(T, /)8’ [g(t, 2(t),u?) — g(*, &(t)), a(t)))]
) [dW™s Jdd)s=0 = >_; ' {H (', 2(t7),w,p° (")) — H(t?, ("), a(t’),p" ("))},
H(t,z,u,p) = f(t,z,u) + pg(t, z,u).

(The derivatives do exist, as § > 0 they are actually right derivatives.)

Proof For a single point #/ the second equality is proved in Seierstad and Syd-
seeter (1987), see p. 221. The first equality is proved in many proofs of the maxi-
mum principle, see e.g. Lemma 14.1, p. 50 in Fleming and Rishel (1975). Treat-
ing W as a state in an augmented system (with states (W, z1,...,2,)), yields
that dW"(T")/dd equals (1,0, ...,0) STC(T, t9)[g(t, &(t),w) — g(t, &(t), a(t))],
where C (t, s) is the resolvent of the augmented system. The last sum equals the
sum in the second equality in the Lemma.

Lemma 2 Assume that «® € U’, § > 0, are given controls such that o (u®, us) <

€(9), £(0) a second order term. Then da’ (T)/dé = dxs(T)/dé and aw’ /dd =
dW"s /do. (The derivatives do exist.)
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Proof It follows from (8) p. 485 in Seierstad (1970) that z (T) — z*¢(T) is of
the second order in §. Treating W as a state in an augmented system, yields
also for the state W that W’ (T) — W*s(T) is of the second order in §.

Let m := x — (21,...,@p+), n* < n and as before, let & € U’ be a given
control for which a solution z%(.) exists. Then, by general theory, for any
u € U o—close to 4, z"(.) exists.

Moreover, x%([0,7]) is compact, so there exists an open set B C R™ con-
taining 2%([0,7]) such that g, and g, are bounded on [0,T] x B x U by some
constant M. For u o— close to @, 2%(t) € B for all ¢.

Lemma 3 If B(¢, 3¢) C clecorq? %(T) (cl = closure, clco = closed convex hull),
then for some « > 0, some d’ > 0, for all &’ € U, := {u € U’ : o(u,d) < a},
B(¢,2¢) C cleorqV % (T), and for each d € (0,d'], for each @/ € U, and for
each ¢ € B(G,¢), there exists a u/ € U’ such that dec = ma* (T) — 7z® (T),
o, ) < dT.

Proof Lemma 3 follows from modifications of almost any proof of the maximum
principle. If Theorems 1 and 2 in Seierstad (1970) are used (with A = U’,
d = o,T = 1), note that, if Ay = B(a, Md/2) (as here assumed), then (D) in
Theorem 1 holds for all a,a’ € A = B(a', Md/4) (A? replacing Ag) for any
o' = a' € B(a, Md/4), (¢(.) independent of @), we then have a = u,y*(a) =
7q" % (T), y(a) = 7z*(T), M = 2, @ = /). This follows from the continuous
differentiability established on top of p. 485 in Seierstad (1970). (Note that for
w,u’ € U, [g(t, (), u(.) = gt 2(), w' ()1, 192 2(), ul.)) = 1ga (5 2(), w' ()
< Mo(u(.),u/(.)), for all continuous z(.) with values in B, compare ||.||* in (7)
in Seierstad (1970).) From this continuous differentiability, it also follows that,
uniformly in u, ¢*% (T) is close to ¢"%(T) when @/ is o— close to @. So, using
Lemma 11.1 in Seierstad (1975), if B(p,3€) C clecorqV %(T), then for & > 0
small enough B(p, 2¢) C cleorqV® (T) for any @ such that o (4@, 4) < §'. Choose
d’ > 0 such that sup0<d§d/é(d)M < €/16, see proof of Theorem 1 in Seierstad
(1970). Then for o = min{¢’, Md'/4}, for a replaced by @’ = @' € U, and
Ag replaced by A%, the conclusion in Theorem 1 (in Seierstad (1970)) holds, in
fact, for all d € (0,d'], all @ € U,, B(dp,de) + nz™ (T) = B(dp,de) + y(@')
y(clA?) = {zz"(T) :u € U', o(u, ') < Md/4 = d/2}.

Lemma 4. Consider the vector differential equation & = h(t,z), (0) = xo, o
given (h continuous, locally Lipschitz in ) on [0,7] and suppose there exists
a vector T such that, for all 4, h;(t,z) < 0 for all = (21, ...,z,) that satisfy
xr; > Zj, j # %, ® = Z. Then any solution z(.), with z;(T) > z; for all j,
satisfies x;(t) > z; for all 4, ¢t € [0,T].

Proof When z(.) exists, by general theory also #* = h(t, %) —a, 2*(T) = z(T),
a > 0, a small, has a solution z*(¢) that converges to z(.) as a | 0. Now, for
t < T, it is easily seen that z%(¢t) > Z; for all 7. First, note that for a small
interval (r,T'), z;(t) > &; for all ¢ all t € (r,T): For each i either %(T) > Z;, or
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z¢(T) = Z; and in the latter case ¢(T") = h;(T,2*(T)) — @ < 0, and, in both
cases, for some r close to T, x(t) > Z; in (r,T). Evidently, r can be chosen
independent of i. Let (s,7T) be the largest interval for which x$(¢) > Z; for all i,
all t € (s,T), and assume by contradiction that s > 0. Evidently z%(s) > z; for
all i. For each i, either (a) x&(s) > Z; or (b) 28(s) = Z; and in the latter case
z&(s) = hi(s,2%(s)) —a < 0. In both cases (a) and (b) ¥ (¢t) > ; for ¢t in a small
interval (r/,r") around s, in case (b) because £¢(t) = h;(t,2%(t)) — a < 0 not
only for t = s, but for ¢ in a small interval (r',r") around s. With = (r") > Z;
(in fact, (") > &;), this gives x®(t) > Z; for all ¢ € (r/,r”). The interval
(r',7"") can be taken to be independent of i. Hence, z%(¢) > &; for ¢t € (', T)
for all ¢, a contradiction. So x$(¢t) > z; for ¢ € (0,T) for all i. As z*(t) — =(t),
z;(t) > &; for all t € (0,T), and then in [0, .

Let |y(.)|oo be the supnorm supy|y(t)].

Lemma 5 Let ¢ in (18) also depend on a vector y C R¥"| so g = g(t, z,y,u).
Let g, 9. and g, be continuous in [0,7] x X’ x Y' x U, X', Y’ open sets. When
@ = 4(.) is a given control function and y in g is replaced by the given function
9 =19()€Y" = {y();,y(.) continuous, y(t) € Y'}, write z%¥(.) and ¢*%9(.)
(u € U"), for the solutions corresponding to §(t),a(t), (¢* %) does exist, z%7(.)
assumed to exist, with z%9(t) € Y’ for all t). If B(¢, 3¢) C clcorq? "®¥(T), then
for some d’ > 0, for all y € B(j,d"), we have that B(¢,2¢) C clecorq? % ¥(T),
and for each d € (0,d'], for each §’ € B(¢,d’'} and for each ¢ € B(¢,¢), there
exists a u' € U’ such that de = wz* 9 (T) — 7% 9 (T), o(u/, ') < dT.

Proof By general theorems on existence, for y |.|oo— close to § € Y, and
u o—close to @, z%Y(.) exists. Now, %9([0,T]) is compact, so there exists an
open set B C R"**" containing (2%7([0, T1), §([0, T])) such that g, g, and g, are
bounded on [0, 7] x B x U by some constant M, and such that (z*Y(t),y(t)) € B
for all ¢, if (u,y) is 0 X | |« - close to (4,7).

Theorems 1 and 2 in Seierstad (1970) shall be used (with A =U",0 =0,T =
1). Note that, if Ay = B(a, Md/2) (as here assumed), then (D) in Theorem 1
holds for all a,a’ € Ag, for any §' € B(g,d) NY" (&(.) independent of ¢ in this
ball), where we now have a = u, y* (a) = 7¢*%9 (T), y(a) = 7z*9 (T), M = 2,
@ = 4). This follows from the continuous differentiability of F established on p.
484 in Seierstad (1970)°. From this continuous differentiability, it also follows
that, uniformly in wu, g»%7’ (T) is close to g9 (T) when ¢/ is |.|oo— close to 4.
So, using Lemma 11.1 in Seierstad (1975), if B(p,3€) C clcong? ®9(T), then
for & > 0 small enough B(p,2€) C clecorq?®¥ (T) for any §' € B(j,8') C Y.
Choose d’ € (0,0'] so small that supg<ag<aé(d)M < &/16, see Proof of Theorem
1 in Seierstad (1970). Then the conclusion in Theorem 1 (in Seierstad (1970))

5To see this, one might imagine that the state z is agumented by including even
y, with § = v, y(0) = yo, v € clB(0,K) as an additional trivial state equation, v
an auxiliary control. Note that for w,uw’ € U’, |g(t,z(.),y()u(.)) — g(t, z(.),y(.), v (.)|1,
192 (20, 50), 6() — 192 (), 5(), 0 ()1 < Mo(u(),u (), for all contimuos ((.) , y(.))
with values in B, compare ||.||* in (7) in Seierstad (1970).)
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holds, in fact, for all d € (0,d'], all §/ € B(j,d'), we have B(dp, dé)+nz®9 (T) =
B(dp, de) +y(@') C y(clAq) = {mz®¥ (T) : u € U’, o(u, @) < Md/2 = d}.

Let b’ be a positive number and let Y be a set of absolutely continuous functions
from [0, T] into R¥ such that |y(t)| < b a.e. and y(0) = yo, yo fixed.

Lemma 6. Assume in the situation of Lemma 5 that ¥ C Y” and that Y is
closed in sup-norm. For any given y = y(.) € Y, let X (y) be the set of solutions
x¥(.) of (18) obtained when wu(.) varies through U’, and for a given vector z,
let X(y) == {z(.) € X(y) : 7x(T) = z}, assumed to be nonempty for each
y € Y. For all y € Y, for some b, > 0, all z(.) € X(y) is assumed to satisfy
|z(.)] < by. For a fixed vector a, with ap = 0, k < ny, let X, (y) be the set
of z(.) maximizing az(T) in X (y), i.e. maziming ax(T') subject to wz(T) = z.
For any y, if %(.),u(.) is any pair such that z*(.) € X.(y), assume that the
necessary conditions (maximum principle) are satisfied for pg = 1, not pp = 0, pg
€ {0,1} the multiplier in the transversality condition p(7T) = poak, k > n. (no
information on pg(T'), k < n,). Assume that U is compact and, for all (¢, z,y),
y €Y, that g(¢,z,y,U) is convex.

Then X, (y) is nonempty and has a closed graph as a function of y.

Proof. Recall the measurable selection lemma that z(t) € g(t, z(t), y(t),U) <
& = g(t,z(t),y(t),u(t)) for some measurable u(.) : J — U. See Section 8.3 in
Cesari (1983). Moreover, for any y, standard existence theorems (Cesari (1983)
Theorem 9.2.i, p. 311) gives that X.(y) is nonempty. To prove the closed
graph property, assume that z,, = z,(.) € X\ (yn), £n — ® = z(.) in sup-norm,
Yn — y in sup-norm, y = y(.) and y,, = y,(.) belonging to Y, and let us show
that z € X, (y).

Consider the "orientor equations" #(t) € g(t,z(¢t),y(t),U), y(t) € clB(0,V),
z(0) = zo, y(0) = yo. The result 8.6. in Cesari (1983) p. 299 immediately
yields that z(.) € X (y) as g(¢,z,y,U) has Cesari’s property (Q). Let us prove
that z(.) € X, (y). Take any x, in X, (y), with corresponding control u,. The
fact that the necessary conditions are not satisfied for py = 0 means that for
some® ¢ > 0, B(0,3¢) C cleorqV"~¥(T). Then B(0,2¢) C clcorgq!:%=¥»(T)
for all y, close to y, see Lemma 5. By Lemma 5, for some d' > 0, for all
g eYy ={yeY: |y —y <d}, alde(0,d],

B(0,de) C {z*9(T) — 2“9 (T) :u € U, 0(u,u,) < dT}. (19)

Now, for any natural number m such that 1/m < d’, a number n,,, > m exists,
such that |y,, —y| < 1/m (= yn,, € Yo) and such that a,,,, < 1/m, where v, =
2| —a¥¥n(T)+2*(T)|. Then, —x“¥nm (T)+2*(T) € B(0, vy, ) C B(0,e/m) C
B(0,d’¢). Thus, by (19), for some u,,,, € U’, 0(up,,, us) < T/m, watrm Yrm (T)—

6The origin 0 belongs to clcomrqgV>*+¥(T). If 0 is a boundary point, then for some nonzero
p*, p*clcoqu’“*’y(T) < p*0 = 0, which implies that the maximum principle is satisfied for
po = 0. So 0 is an interior point.
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¥ Ynm (T') = x*(T) —a*Y¥nm (T'), hence mz¥»m (T') = mz*(T') = 2. Now, by opti-
mality, az,,, (T) > az"rm Ymm (T) and az(T) = lim,,—coa®y,, (T) > lim, az¥"m Ynom (T) =
az.(T). Hence z(.) € X, (y).

Denote by z~* the collection (M, ..., 2?1 2+t . z(™)

Lemma 7 Consider the "Nash problems" (1)-(9) with f¢ and g¢ containing only
u() For some numbers K%, let Y be a set of absolutely continuous functions
y(.) = (W, ...,y"™) satisfying D (0) = z} and |§?| < K*, Y closed in sup-
norm supy|y(t)|. Let Y C R2i™ be an open set such that y(t) € Y for all ¢, all
y(.) € Y, and assume now that f¢, ¢°, f! and g’ (exist) and are continuous in
[0,T] x Y xU;. Assume that, for each i, U; is compact and that for all (¢, z),

ey,

Ni(t,z) = {(fO(t, 2,uD) + 7;, gD (t,z,u?)) : P € U;, 4, <0} is convex.

(20)
Assume that for all y(.) € Y, an admissible solution () = z()(.) exists when
2~ in g is replaced by y~, (i.e. (), satisfies (5) and (9) when z(9) is replaced
by yU)(.), j # i). Denote the set of such solutions by X*(y) and assume, for any
y €Y, that some b}, > 0 exists such that |2 ()] < b}, for all @ € X'(y). For
2% replaced by y~? in Problem i, denote the set of optimal solutions in )V(z(y)
by X%(y). Assume that for any y = y(.) € Y, X.(y) :== X1 (y) x ... x X™(y) C Y.
If A; #R™ assume that, for each y € Y, any pair (x(i)’“(z)(')(.), u;(.)) such that
x(i)’“(l)(')(.) € Xi(y) satisfies the necessary conditions only for py = 1, not for
po = 0. Assume that’

for any y € Y, X!(y) is convex. (21)

Then a fixed point z, € X.(x.), (a sort of equilibrium in open loop controls)
exists.

Proof We give a proof only for f() = 0, ki = k;i*. Using auxiliary states,
the general case can be derived from this special case. By Lemma 6, X (y) is
nonempty and has a closed graph in sup-norm. Now, X.(y) := Xi(y) X .... X
X™(y) CY,and Y is compact in supnorm. By assumption X! (y) is convex, so
X« (y) is convex. By Kakutani’s theorem (see Ch.6, Sec 4 in Aubin and Ekeland
(1984)), a fixed point z, exists in ¥ such that =, € X, (x.).

Lemma 8. Assume that no equality terminal restrictions are present. Then
the two conditions (20) and (21) can be replaced by the conditions that f(*) and

TIf X% (y) contains a single point, convexity is trivial. "Almost always", when an optimal
control problem is solved, a unique optimal control is found (here for "almost all" y, a unique
optimal control migh be expected). But perhaps not for all y : Consider the problem of
maximizing x — 23 — yx? in [~1,1], y > 0. Except for y = 1, a unique optimal point exists,
either x = 0, or z = 1, for y = 1, both are optimal.
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g are nondecreasing in® (¥ for each (7% u,t), that f® and ¢* are concave in
(2%, u™) for each (z7',t) and that U is convex and compact. Finally, Lemma 8
(as well as Lemma 7) holds even we add the requirements 1 (¢, z(D((t)) > 0 (¢},
given continuous functions), k = 1,...,k; on 2 (.) for 2(¥)(.) to be admissible,
provided the set of admissible solutions, still denoted X i(y), is nonempty for all
yevY.

Using an existence result of the type of Theorem 9, p. 135 in Seierstad and
Sydsaeter (1987), the proof is essentially the same ((21) holds automatically).

Existence of a Nash equilibrium in the example. We now assume that
kl.kg are the controls, denote u; and uy. We assume that the d)és have extensions
to an open set containing {(k1, k2) : k1 > 0, ko > 0}. Assume also in the example
that C; is required to belong to a given interval U; := [0, M;], M; > 0. and that
¢;(k1,ka) < e+ d(k] + kJ) —|—d’kf‘k§, for some positive constants ¢, d,d’, a, f3,
v € (0,1),a+ S < 1. We shall prove existence of a Nash equilibrium in open-loop
controls by means of Lemma 8. The monotonicity of f(*) = v;(C) and ¢ = ¢,
and the concavity is satisfied, as well as compactness of U;.

Define K by the equality k;(0) + k2(0) + ¢T + 2dK'T + d'(K“A)T = K,
let v; := maxo<p, <k,0<k.<k ®;(k1,k2)} and let Y = {y = (y1(.), y2(.)) : yi(t) €
[0,K], 4; € [—M;,v,]. Given any y = (y1,¥2), let k;(.) be any y - admissible
solution (meaning, say for i = 1, that k; = ¢, (k1,y2) — C; for some C;(.)). Let
[0, s] be the largest interval on which k;(t) < K for t < s, 7 = 1,2. Then we
have k;(t) < c+d(ky(t)Y + ka(t)?) + d (k1 (£)k2(t)?) < ¢+ 2dK”Y + d' K+ for
t < 5,50 ki(s) < k1(0) + ko(0) + T + 2dK T + d'(K**P)T = K and [0, s] is
largest only if [0, s] = [0,T].

From now on consider ¢ = 1, the case ¢ = 2 has a completely symmetric
treatment. Let k& = max{¢,(k},0),¢,(k%, K)}, ki (T) = kT /2. Let (s,T] be
the largest interval on which kf(¢) > 0. Then ki (s) > 0, but ki(s) = 0, gives
Ei(.) =0 on [s,T] (just insert in the equation and check!), so by uniqueness of
solutions? even ki (s) > 0 and [s,T] is largest only if s = 0, (and kj(.) > 0 in
[0,T]). Define v = mins k7 (¢) > 0. Then, for any y, for any y - admissible k1 (.) we
have automatically k;(.) > p/2 > 0 : If for some t', k(') < p/2 < ki (t'), then
on a maximal interval (¢,s),k1(t) < ki (¢), but k1 < k} as long as k1 < k so
even ki(s) < ki(s), so s = T and ki (T) < ki(T) = kI /2, which is impossible.
So ki(t) > p/2 for all t. Hence,, for any y, if k;(.) is y — admissible, then
(k1(.),k2(.)) € Y. Moreover, Y is compact in sup-norm. Let K!(y) be the
set of optimal solutions in Problem 1, given y(.) (i.e. y2(.)), and let K2(y) be
correspondingly defined.!?.

8 Provided, for each component number k, g,(;) = h}; + (z}'C (t)a:](;), (z}'C (t) continuous, < 0, we
have( ghat the monotonicity of ¢g(* in (#) can be replaced by the monotonicity of RE(t, x,u)
in z'\").

9Here the extension property of the ¢,’s is needed.

107f the extension property does not hold, imagine that kg (t) > kZT/2 for all ¢, is added
as a requirement for k;(.) to be admissible. (Still, for all y € Y, y - admissible k;(.) exist.)
Using necessary conditions for problems with state restrictions, it is easily seen that p;(.)
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The bounds on C; introduced bounds on u;. When discussing the necessary
conditions, it is easiest to treat the C;’s as the controls. For any y € Y, if any
pair (k1(.), C1(.), ki(.) € Kl(y), satisfies C; = 0, then ki(T) > k¥ (ky >
0, kI < kY). Hence, (for p; being the adjoint variable corresponding to ki),
p1(T) = 0, po = 1, but then C; = 0 cannot satisfy the maximum condition.
Thus, for any pair (ki(.), C1(.)), k1(.) € KL(y), we have that Cy(t) > 0 for
some t. We can show that any pair ki(.),C1(.), k1(.) € Kl(y), satisfies the
maximum condition only for p(()l) =1: As Cy € (0,M;] for some ¢, at this

point He > 0. Now, by contradiction, if (pél),pl (t)) = 0 then pao(t) # 0. But
then, pa(s) # 0, for s close to t. By the adjoint equation for p(.), close to ¢,
the two addends in the right hand side of the adjoint equation for p;(.) are
nonnegative when not including the minus- signs (proved earlier) and with the
term containing py being nonzero. With pi(.) > 0 (proved earlier), this gives
p1(t) # 0, a contradiction. So (pél),pl(t)) # 0. This, combined with Ho > 0 at
t and p;(t) > 0 gives p((Jl) = 1. All conditions in Lemma 8 are then satisfied, so
a Nash equilibrium exists.

An additional comment.

We can prove that for M; large enough, the Nash equilibrium is a Nash equi-
librium even if [0,U;] is replaced by [0,00). Let us first prove that there exists
a positive constant M7 such that if M; > M7, then, for any y, for any optimal
pair (k1(.),C(.)), k1(.) € X.(y), we have C(t) < My < M, for all t.

Now, |0¢;/0k,| is bounded by a constant ® for k1, ko € [p/2, K| independent
of 7, j. Note that by the adjoint equations, for any s € [0, 7], p1(s) = A(s)p1(T)
for some positive constant A(s) continuously dependent on s, in fact, by the
existence of ®, for two positive constants B and D, independent of y(.) and k1 (.),
for all s, Dpi(T) < p1(s) < Bpi(T). First, choose a positive number ¢ so large
that k1*(T) < kI, ki = max{¢,(ki*,0), ¢, (ki*, K)} — q, k¥*(0) = k}. Choose
F > 1 so large that 1/(2¢'/?) > (B/D)/(2(Fq)'/?), and let M; be any given
number > M; := Fq. Now, for any k; € X!(y), k1(.) < ki*(.) if C1 > Fq > ¢
for all ¢, so ki (T) < ki, which is not possible. So for some t, C; < ¢, and at
this point He < 0, thus 1/(2¢*/?) < p(t), (above we showed p§ = 1). If for some
M,Cy = M > Fq for some t', then H. > 0 at ', i.e. 1/(2(M)"/?) > p(t'). Now,
1/(2¢"/?) < p(t) < Bp1(T) < Bp(t')/D < (B/D)/(2(M)/?), which contradicts
M > Fq and the definition of F. Hence, C(t) < M; = Fq for all ¢.

For M; > Fq, any Nash equilibrium is also a Nash equilibrium for U; =
[0,00). To see this, note that for any given y € Y, for any y - admissible pair
(k1(.),C1(.)) in the original problem, by definition k;(.) is integrable, so C1(.)
is integrable, hence CM(.) := min{M,C;(.)} — Ci(.) in L; when M — oo,

is nonincreasing. Then any optimal k;(.) € Ki(y) satisfies k;(t) > kI /2 for all t. If, by
contradiction, k;(t') = kZT/2, for some t' < T, let ' be smallest possible. Then for some t < ¢/,
t' close to ', k;(t) < 0, k;(t) < kT. For some ¢ > t', it must be the case that k;(t") = k;(t),
ki(t") > 0 (we must reach kT at ¢t = T)), hence C;(t) > C;(t) contradicting the maxium
condition and monotonicity of p(.). So any optimal k;(.) € K (y) satisfies k;(t) > kT /2 for all
t.
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and the solution & (.) corresponding to C¥ (.) satisfies kM (.) > k1(.), so is
admissible. The criterion values ays corresponding to C(.) converges to the
criterion value « corresponding to C1(.), and aps < the optimal value 8 (= 5(y))
of the criterion for all M = M; when M; is > Fq, (then 8 does not depend on
My). Hence, o = lim ;00 apr < .
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