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Maximum principle for stochastic control in continuous time with
hard end constraints.

by
Atle Seierstad, University of Oslo

Abstract. A maximum principle is proved for certain problems of con-
tinuous time stochastic control with hard end constraints, (end constraints
satisfied a.s.) After establishing a general theorem, the results are applied to
problems where the state equation (differential equation) changes at certain
stochastic points in time, and to piecewise continuous stochastic problems
(including piecewise deterministic problems).

Introduction. Frequently, problems are encountered in which the state
at the terminal time has to satisfy a constraint almost surely. An example
may be the running of a firm under the constraint that the equity capital at
the end of the planning period shall exceed a given level almost surely. The
present paper proves necessary conditions, in the form of a maximum prin-
ciple, for certain types of such problems. First a general theorem is proved,
covering the case of a general type of stochastic disturbance in the right hand
side of the differential equation and where the state develops continuously
in time. From this theorem a result is derived for the case where the right
hand side changes at certain stochastic points in time. For the latter type
of stochastic disturbances, also results for hard end constrained piecewise
continuous stochastic problems are derived. In particular, certain types of
hard end constrained piecewise deterministic problems are covered.

In discrete time, maximization problems with hard end constraints are solved,
using the dynamic programming equation, by associating a value —oo to
points from which it is not possible to reach the terminal constraint almost
surely. Also, maximum principles for such problems have been proved, for
example by Arkin and Evstigneev (1982), that involve even more general
hard constraints (required ”all the time”). In continuous time, for control
problems involving diffusions, soft end constraints (constraints satisfied in
expectation) have been considered, e.g. Kushner (1972), Haussmann (1986),
Peng (1990), Yong and Zhou (1999). For many types of diffusion problems
one cannot operate with hard constraints, unless controls are allowed that
depend on time as erratically as the diffusion. This conclusion, however, also
depends on the manner in which the diffusion enters the problem, (so there
are exceptions, see Seierstad (1991) ). Below, only smoother controls (con-
trols with smoother effects ) are considered, together with smoother systems



(systems having pathwise solutions). The general theorem presented below
is closely related to a result in Seierstad (1991), in the present paper the
growth conditions are slightly weaker.



The general system. Let T be a fixed positive number, let X and Y
be Banach spaces, let xy be a given point in X, let 7 be a bounded linear
map from X into Y, and let U be a topological space. Furnish the interval
J = [0,T] with the Lebesgue measure. Let (2, ®,®,, P) be a filtered prob-
ability space, (i.e. for ¢t € [0,T], ®; are sub-c-algebras of the o-algebra ® of
subsets of 2, &, C P, if s < ¢, P is a probability measure on ®). The function
flt,zu,w) : Jx X xU xQ — X has a Frechet derivative f, with respect to
xr € X, f has one-sided limits with respect to ¢, and f and f, are, separately,
continuous in x and in u, and for any given ¢, x,u, f is ®;-measurable with
respect to w. These conditions are called the Basic Assumptions.

Let U’ be the set of functions u(t,w) taking values in U, such that u(.,.),
for each ¢, when restricted to [0,¢] x Q, is Lebesguex ®;—measurable. (ILe.
there exists a sequence of Lebesguex®,—measurable simple functions con-
verging a.e.Xx a.s. to u(.,.) on [0, t] x Q.) The measurability property is called
progressive measurability. Let u(.,.) € U’. For each w, the (”pathwise”) so-
lution - continuous in ¢ - of the equation dz(t,w)/0t :=

r(t,w) = f(t,z(t,w), u(t,w),w), z(0) = xo, (1)
is denoted 2%()(t,w) = 2%(t,w), and called a system solution.

The simplest set of assumptions that are used in what follows, called Simple
Global Assumptions, are as follows: In addition to the Basic Asssumptions,

fz is uniformly continuous in z, uniformly in ¢,u and w. Furthermore, a
constant M exists such that |f(¢,z,u,w)] < MT and |f.(¢, z,u,w)] < M+
for all (¢, z,u,w).

If wanted, the reader may skip all later modifications of these assumptions.
These assumptions imply that system solutions always exist on all [0, 7], i.e,
for any u(.,.) € U’, the solution of (1) exists. This property also holds for the
so-called Standard Global Assumptions, which are as follows: In addition to
the Basic Assumptions,

fz is uniformly continuous in x, uniformly in ¢, u and w. Furthermore, Lebesgue x ®
-measurable functions M°(t,w) and M’(t,w) are given, both integrable in
t, such that |f(t,0,u,w)] < M°(t,w) and |f.(t,z,u,w)| < M'(t,w) for all
(t,z,u,w) € J x B(0,Z(w)) x U x Q, where B(0,=Z(w)) is an open ball in
X around the origin of radius Z(w) := 1+ (|zo| + [, M(s,w)ds)els M (sw)ds,
There exists a constant M’ such that |7 f, (¢, z,u,w)| < M. for (t,z,u,w) €



J x B(0,E(w)) x U x Q. The inequality M** := essup,, [, M'(t,w)dt < co
holds, and M°(t,w) is Lebesguex P-integrable.

Let M (t,w) := M°(t,w)+Z(w)M'(t,w), (M(t,w) is Lebesgue x P-integrable).
Then, |f(t,z,u,w)| < M(t,w) for (t,z,u,w) € J x B(0,E(w)) x U x Q.
In this case, any solution z"(t,w) of (1) belongs to B(0,=(w)), moreover
ft, z"(t,w),u(t,w),w) is Lebesguex P-integrable.

Let a € X*, the topological dual of X, and consider the problem
maxy(,yerr B{a“)(T,w), a), (2)
subject to the differential equation (1), and
7z ) (T, w) = § a.s., § fixed in Y. (3)

Let u*(.,.) € U’ be an optimal control in the problem and write 2% ) (.,.) =
x*(.,.). Let, for each w, C(t,s,w) be the resolvent of the equation ¢ =
fo(t,z*(t,w), u*(t,w),w)q, (C(s,s,w) = I, the identity map). In the subse-
quent necessary conditions, the following local linear controllability condition
is needed. Let B, = {fOT z(t,.)dt : z(t,w) € Y, z(.,.) is progressively mea-
surable and |z(.,.)|w < @} C Loo(2,Y) 1= Loo(Q2,®,Y), and let co denote
convex hull. There exist a number o > 0, and a progressively measurable
function 2(t,w) : J x Q — Y, with |2(.,.)|s < o0, such that

[ 2(t, )dt+ B, Ceofm [ C(T,t, ) [f(t,2(t,.),alt, ), )= f(t,a*(t,.), u*(t, ),
al.,.) e U'}. (4)
Theorem 1. Assume that u*(.,.) is optimal, that the Simple Global As-

sumptions hold and that (4) is satisfied. Then there exist a number Ag > 0

and a linear functional v on L. (€2,Y), bounded on B,, such that, for all
u(.,.) el

T 7C(T 8 ) (ka8 ) ult, ), ) — F(t 2 (k) ut(F, ), ]dt, v) +
Mo BT (T, )f (a8, ), ult, ), ) — F(t 2 (t, ), u (), )dt, a) < 0. (5)

Finally, (Ao, v|p,)# 0, where v|p, means v restricted to B, .

J)]dt :



Remark 1 In this remark, the Standard Global Assumptions are postulated.
Let 15 be the indicator function of the set M, and let M(t,w) = 2M(t,w).
Define UX = {u(.,.) € U’ :essup, fJ M (t, w)1{tw)u(tw)2u o)) (Ew)dt <
K |mf(,z*(.,.),ul.,.),.) —of(,2*(,.),u*(,.), )| < K}. Assume that for
some constant K* > 0, (4) holds for U’ replaced by UX". Then (5) holds
for U’ replaced by U, K any given positive number. (In case of the Simple
Global Assumptions, let M(.,.) = M+, K = max{2T'M*, 2|x|M*}, in which
case UK = U".)

Remark 2 To obtain necessary condition only local well-behaviour con-
ditions on the system are needed. Such conditions are presented below, com-
bined with other modifications. Thus the Simple and Standard Assumptions
can be replaced by the following ones. Let U(t,w) be a given multifunction,
with U(t,w) C U for all (t,w), such that u*(t,w) € U(t,w) for all (¢t,w). De-
fine an error function e(d) to be a non-negative function on (0, co) such that
limg_0e(d) = 0. In addition to the Basic Assumptions, assume the follow-
ing properties: For some d > 0, and some Lebesguex P-integrable functions
M'(t,w) and M (t,w),

(1) |folt, z,u,w)| < M'(t,w) for all (t,z,u,w) € J x B(z*(t,w),d)x
U(t,w) x €, and

|f(t, a*(t,w), u,w)—f(t, 2*(t,w), u*(t,w),w)| < M(t,w) for all (t,u,w) €
T x U(t,w) x .

The inequality M** := essup,, [ S, M'(t,w)dt < oo holds. For some real-
valued function éy(d,t), being an error function in d, for any t,w, for any

y € B(z*(t,w),d) C X, d € (0,d],
(i) |fa(t,y, u*(t,w),w) — fu(t,z*(t,w),u"(t,w),w)| < éy(d,t), and
limgno [ €o(d, t)dt = 0, éy(d,t) assumed to be integrable in ¢.

The limit condition in (ii) holds if either M’(¢,w) is independent of w, or
if éy(d, t) is independent of ¢.

Furthermore,

(iii) 7 fo(t, 2, u* (t,w),w) is uniformly continuous in x € B(z*(t,w), d),
uniformly in ¢, w, and, for some constant M’ |7 f,(t, z,u,w)| <

M! for (t,z,u,w) € J x B(z*(t,w),d) x U(t,w) x Q.

Next,



(iv) f(t,2*(t,w),u*(t,w),w) is Lebesguex ®-integrable.

Finally, for U’ redefined to equal {u(.,.) € U’ : u(t,w) € U(t,w) for all
(t,w)}, the following condition hold:

(v) (4) holds in the sense of Remark 1 for some K*, when this U’ and the
function M (t,w) are the entities appearing in the definition of UX.

(vi) u*(.,.) is optimal in the set of controls u(.,.) € U’, for which a
solution z*(.,.) exists on all J satisfying (1) and (3) and for which
ft, 2" (t,w),u(t,w),w) is Lebesgue x P-integrable.

Then (5) holds for U’ replaced by UX as here defined, for any given K > 0.

Remark 3 Assume in Remark 2, that X = X’ x X" where X', X" are
Banach spaces. Let 7’ be the projection on X', 7" be the projection on X"
and assume that 7 = myn’ for some continuous linear map 7y : X' — Y,
and that, for z = (2/,2") € X = X' x X", n'f(t,z,u,w) does not depend

on x”. Assume that (iii), (iv) and (vi) in Remark 2 still hold, together with
the following modifications of (i) and (ii): M (t,w) and M'(t,w) in (i) in Re-
mark 2 need only pertain to 7' f, i.e. it suffices that |7’ f(t,2*(t,w), u,w) —

' f(t, x*(t,w),u* (t,w),w)| < M(t,w) for all (t,u,w) € J x U(t,w) x 9,
and that |7'f,(t, z,u,w)| < M'(t,w), for (t,z,u,w) € J x B(z*(t,w),d) x
U(t,w) x Q. Moreover, (ii) need only hold for f replaced by 7’ f. Finally, some
Lebesgue x P-integrable functions M, (t,w) and M| (t,w) are assumed to exist,
such that |7”f(t, z*(t,w),u,w) — 7" f(t, 2*(t,w), u* (t,w),w)| < M,(t) for all
(t,u,w) € J x U(t,w) x Q and such that |7”f,(t, 2", 2", u,w)| < M.(t,w) for

all (t,2', 2" u,w) € J x B(r'z*(t,w),d) x B(n"z*(t,w), My, (w)) x U(t,w) x

Q, where M,,(t,w) := 1+ [, max{M(t,w), M. (t,w)}dtels max{M EL)M (Ew)}dt,
with E[e2 /s Mat@)dt (14 [ M (¢, w)dt)]P < oo and | [, max{M/(t,w), M.(t,w)}dt|s
<00,1/p+1/qg=1,p € [1,00). (If p = 1, the last condition can dropped, pro-
vided M(.,.) in the definition of U¥ is replaced by max{M(.,.), M.(.,.), M.(.,.)}.)
Then, if (v) in Remark 2 holds for the present M (¢, w)-function, the conclu-
sion of Remark 2 still holds.

Remark 4 For simplicity, assume X = R™Y = R". The following re-
sults hold even for the assumptions in Remarks 2 and 3. Define v, := ¢ —
(mp,v) + NgE(p,a),p € Loo(2, X), and p(s) := C(T,s,.)*v,, where * means
taking dual map, (so p(s, @) := (¢, p(s)) = (C(T,s,.)p,vs)). For s < T, the
functions v|e, := v|L_(0.e,v) and p(s)|s, are continuous in ¢ in Le-norm,
(recall that v|p, is bounded, and that 7C(T, s, .)¢ =




(I + fsT fe(p,x*(p,.),u*(p,.), )C(p,s,.)dp)p € B, for ¢ € Loo(Q2, D5, R™),
||oe small). By (5), for any u(.,.) € UX and s < T, if

limt/S(S - t)il Ls(f<pv x*(p, .),u(p, ')a ) - f(p7 ZL’*(p, ')a u*(p, ')v ))dp =
f(s,z*(s,.),u(s,.),.) — f(s,2*(s,.),u*(s,.),.) in Ly (82, X)-norm, then

(f(s,27(s, ), uls, ), ) = f(s,27(s,.),u"(s, ), ), p(s)) <O. (6)
The property:
limr Supjyi<1 gero, (@.0,.x) [P(E @) = (0, 14)| = 0 (7)

holds, if either v is bounded in |.|o-norm, or if M’(t,w) is independent of
w and for some 5 > 0, [3/(T —t)] ftT T fe(s, 2% (s,.),u*(s,.),.)¢ds belongs to
By, for all t € [0,7), all ¢ € B(0,1) C Loo(£2, P;,R™). These conditions,
however, hold only in special cases.

Assume in the remaining part of this remark that, for any s < T, ¢ —
(rC(T,s,.)p, V), € Loo(2, Py, R™) is absolutely continuous with respect to
P, i.e., for any unit vector e;, H — (7C(T, s, .)e;1y,v), H € ®;, is absolutely
continuous. (By (5), this property holds in particular, if, in (4), 2(.,.) = 0.)
Then, ¢ — p(s, ), d € Loo(S2, Ps,R™), is also absolutely continuous, and has
a Radon-Nikodym derivative p*(s,w),s < T, and p*(s,w) satisfies a.s.xa.e.:

Opt(s,w)/0s = —pT(s,w) fu(s, (s, w), u*(s,w),w), (8)

provided we read p*(s,w) as a row vector (and f, is the Jacobian matrix).

Furthermore, for all u(.,.) € UX, a.e.xa.s.,

(f(s,x*(s,w),u(s,w),w) — f(s,2*(s,w), u*(s,.),w),p"(s,w))< 0. (9)

Even the following inequality evidently holds a.e.xa.s.,

(f(s,x*(s,w),u(s,w),w) — f(s,z*(s,w),u*(s,w),w), E[p*(s,w)|Ps])< 0. (10)

In special cases below, differential equations for multipliers related to E[p™ (s, w)|®;]
are given.



Remark 5. Assume (vi) in Remark 2, and that there exist given sets
Upt,w),n = 1,2,...,Upi1(t,w) D U,(t,w), u*(t,w) € Up(t,w), such that,
for each n, (i)-(iv) in Remark 2 holds for U(t,w) replaced by U,(t,w),
for functions M(t,w) = M,(t,w), M'(t,w) = M](t,w), (or that the cor-
responding conditions in Remark 3 hold in the same manner, and with
M. (t,w) = M., (t,w), M.(t,w) = M/, (t,w)). Define

UE = {u(.,.) € U :u(t,w) € Uy,(t,w) for all (t,w),
essup,, fJ M, (t w)l{(t W)u(tw)Eu* (1, w)}(t w)dt < K,

(o (o ) ), ) = mf (ot ()ut (), Yoo < K-

Assume that, for some given n = n*, K = K* (4) holds for U’ = UX".
Then the necessary condition (5) holds for all u(.,.) € U,U".

*

Proof of Theorem 1: A proof is given based on the conditions (i)—(v) of
Remark 2, and modifications needed for a proof of the results in Remark 3 are
added. If wanted, the reader may assume that, in accordance with the Simple
Global Assumptions, the functions M (t,w), M'(t,w), and M/ (t,w) equal the
constant M ™, (with M(t) = 2M™), and that the constant M** equals M*T.
Without loss of generality, let o = 0,7 = 1. In case of Remark 3, we can, and
shall, assume that M/ (t,w) > M'(t,w), and that a number K > max{1, K*}
is chosen, so large that | [, M,(t,w)dt|, < K. In case of Remark 2, K is
any given number > max{1, K 1 and in this case, let M, (t,w) = M(t w)
and M (t,w) = M'(t,w). Define M*(w) := [, M/(t w)dt and, for v',u € U®
(as defined in Remark 2), define H%u/ = {(¢, w) su(t,w) # d(t, w)} and
o(u',u,w) = [;max{M(t,w), M.(t,w)}1m, ,(t,w)dt. Let t — ¢ (t,w) =
q"(t,w) be the solution - continuous in t - of

q(t,w) = fo(t,z*(t,w), u* (t,w),w)q(t,w)+
flt, x*(t,w),u(t,w),w) — f(t, 2*(t,w), u*(t,w),w), q(0) = 0, (11)

Define ¢ (u, u’) :=essup,, fJM<t7w)1Hu,u/ (t,w)dt, let A% :={u € UX : 5(u,u*) <
d}, and from now on let u,u’ € A? where d is determined by deM™ = d.
Note that by (i) in Remark 2 (and the existence of M.(t,w) in Remark 3)

and Gronwall’s inequality (see Appendix), |2"(t,w) — z*(t,w)| <

(o £ 27 (8 w), u(t,w), w) = f(t 25t w), u (1 w), w)|dE)eM @) <
(fol max{M (t,w, M,(t,w)}1g, .t w)dt)e ) < 6(u,u* ,w) M),

(1, w)| < (fy max{M(t,w), Mo(t,0)}p, . D)™ @ < &(u, u* 7w)€M*(°"),



g (t,w) — ¢"(t, w)| < 26 (u, v, w)eM @) (12)
to obtain the last inequality, note that |f(¢,z*(¢t,w), v/ (t,w),w) —

ft, o (tw), u*(t,w),w)—[f(t, 2*(t,w), u(t,w),w)—f(t,2*(t,w), v*(t,w), w)]| <
2max{M(t,w), M,(t,w)}1m,, . to obtain the first inequality we have actu-

ally used a continuation argument yielding |2%(¢, w) — 2*(t,w)| < d in case of
Remark 2, and |7'z"(t,w) —n'z*(t,w)| < d, |7"z"(t,w) —7"2x*(t,w)| < Mu(w)
in case of Remark 3.

Some further properties will now be proved.
Proof of (13) below. Consider the expression
0%(8) == f(t, 2" (t)+q" (£)=q"(t), 0/ (8)) = f(t, 2" (1), w/(£)) = f (£, 2" (1), u(t))+
f@t (), ult)) — fa:( (t), uw (1) [g" (1) — ¢“(t)].
Here, and many places below, we have dropped writing w. Now, on C(Huyu* U
Hy ), |07(8)] =
(0) + ¢ (1) — (1), (D)
fe(t,27(t), w(1)[g" (1) — ¢" (D)
where
e(t,r,y,w) = SUP\e[o,1] | fo(t, 2+ Ay, u* (t, w), w))— fo(t, 2*(t, w), u*(t, w), w)|
Then, by (12), for é(t,u’,u) := e(t, *(t), ¥ (t) — q¢*(t)), on C(Hy . U Hyr opr),
[6°()] < et u)lg” (1) — q" ()] < 2e(t, 0 u)o (u', w)e”.
Moreover, by (12) and (i) in Remark 2, (and the existence of M/(t,w) in
Remark 3), on (Hyu« U Hy o) N CHyr oy,
[0 (O] = [ £t 2(8) + ¢ (1) — q"(8), u(t) — f(t,a"(t),u(t)—
falt, 2" (1), u (1)) (¢ ) (O < 2MI(t)]q" (t)—q"(t)] < AM(t)e™ o (u', u).
Finally, using |2"(t)+¢ ( )=q"(t) —a* ()] < |z (&)=~ (O)]+g" (t) | +]g"(1)] <
(26 (u,u*)+o(u,u )) , see (12), by (i) in Remark 2, (and the existence of

(
M/ (t,w) in Remark 3), by (12), on (Hyur U Hy o) N Hyp o,

9



*

[0 ()] < M(1)]2"(t) + ¢ () — q"(t) — ()| +
4" (t)—q ()I < M()(46 (u, w)+26 (o, u) )™

M ()] () =2 (t )|+M'( g (t
(here |g* (t) — ¢“(t)] < g% (t)| + |¢“(t)| is also used). Hence, |6*(t)| <

2é(t7 uIJ U/)eM*a-(U’ )1 ( wu* UHu/,u*) +4M>|/< (t>eM*a-(U’l7 u) 1(Hu7u* UHu’,u*)mCHu’,u+
M(t)(46 (u,w) + 26 (u', u*))eM L, oom, onm, -

Applying Gronwall’s inequality (see Appendix) to the equation & = h(t,z) =
f(t x u( ), for 2(t) = a: ( ) and §(t) = 2%(t) + ¢ (t) — ¢*(t), (with
[o(—=dy(s)/ds)ds + [y f(s,9(s),u/(s))ds = [| 6*(s)ds), gives

[ (8, w) = (& (t, w)+q" (t, w) =q"(t,w))| < M [ 26,0, u, w)5 (v, u, w)dt+

fJ4M’ w)o (W' u,w)lm, wom, ot w)dt+
[, M(t w)( o(u, u*,w) + 26(u’,u*,w))lHu,’u(t,w)dt}. (13)

Until further notice only the case of Remark 2 is now treated. From now
on, let u,u € A%, d < d. Then

2 (t,w) = (2“(t,w) + ¢" (t,w) — ¢"(t,w))| <
M @[ 2e (¢, uw)dt+8d+6d] (', u).

By (ii) in Remark 2, and inequalities obtained above, é(t, v, u,w)dt <
éo(3de™ @) 1) | so (by M*(w) < M*™), [,2é(t, v/, u,w)dt < é;(d). Here and

below, é(d) -functions, with various subscripts, are error functions, indepen-
dent of w. Hence,

|2 (t,w) — (2" (t,w) + ¢" (t,w) — ¢“(t,w))| < M7 [er(d) + 14d]o (v, u)
=: (v, u)éx(d). (14)

Proof of (16),(17) below. Define §**(t) =

Flt 2 (), /(1) — f(t 27 (), u'(8)) — f(t, 2" (t), ult))+
S (8),u(t)) = falt, z7(2), w (8)[g" (1) — ¢"(2)]-

Then, |76 (t)—m0*(t)] < [mf(t, 2" (t), v/ (t)—m f(t, 2" () +¢" (t)—q ()U())I
Myl (8) — (@*(t) + ¢ (t) — ¢"(1))| < Myéa(d)o (v, )Deﬁne (d,t,w) =

SupyEB( *(tw),d) |7fo(t Y, u (t w),w) - fo(t,x*(t,w),u*(t,w),w)l,
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(an error function in d, uniformly in (¢,w), due to (iii) in Remark 2). Similar
to what was obtained above, (see the last inequality for [6*(¢)]),

!7?5*( )l
M (45 (

é ( ) M v(u, u)]‘C( uu*UH/ *)+4M/ M (u u)]‘(Huu*UH/u )ﬂCHu/’u—i_
u*) + 25w, u*))eM 1y Hy s UHys ()N H oy

u/,u*

<
u,

where é3(d) := 2essup,, sup, €3(3de ™", t,w). Thus,

|6 (t)] < MLéa(d)s (v, u) + é3(d)eM & (v, u)+
4M7/reM**v(u uly, .om, . +6M; M**le,u. (15)

u,u

Define [; := (1-1/2°,1-1/2""],i = 0,1, ..., 6 (u,u') :=essup,, [, 1u,  (t,w)dL,
)}

LW
o*(u,u) = sup,; 276 (v, uly,), and o(v/,u) = max{c* (v, u), 5, u
Let Ag = {u € UK : o(u,u*) < d} C A% Let 7 := (2o, 21,...), 75 € X,
7°(z) = (mwxo, 721, ...). Let Lo be the subspace of Lo (£, ®1_1/21,Y) x
Lo (82, @1_1/92,Y) X ... consisting of elements z(w) = (z(w), z1(w), ...), z(.) €
Lo (2, D 1251, Y) for which the norm *°|z(.)| := sup;2|z;(.)|s is finite.
Moreover let yl f] (t,w)dt, y*(w) == (y§(w), ¥} (w), ...),
= [, twdt q"(w) = (g5 (@), g1 (W), --.)-

Assume that u,u’ € Ag. Then, by (15) and 2" 5 (u'l;,, u*ly,) < o*(v/,u*) <
4, [, L w67 (1) dt <

Méy(d)a(u',u) /27 4-e3(d)eM 6 (v, u) /27 +-4AM M 5 (0 u) [ (w1, u*1y,)+
o(uly,u*ly)] + M;rﬁeM**d&(u’lh,ulli) < eéy(d)o(u,u) /2 +
SMLeM ™ o(u',u)d/2H + ML6eM " do (u'ly,, uly,).

Hence, 277 [ 1, |w0**(t)|dt <és(d)o(u',u) + 2" M 6eM ™ do(u'ly,, uly,) <
es(d)o(u',u) + ML6eM " do* (v, u) < ég(d)o (v, u).

Thus, for any u,u’ € Ay,

oy () = 7y = [0 () =g (]| < és(d)o(u’,u)/2 (16).
From (14), we obtain:
E’CL ’ {xu,<1vw) - xu(Lw) - [QUI(law) - qu(17w)]}‘ < é7(d)0(u/7u)' (17>
Moreover, (12) yields that v — (E[a - ¢*(1,w)],7°¢"(.)) is continuous in
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o— metric on UX | to see the continuity of u — 7°°¢*(.) (in o— metric, *|.|-
norm), note that, in a shorthand notation, a.s., 2'| [, (m¢* () — m¢*(t))dt| <

2| [ Anfala® (t) — " ()] + 7 f (8, 2% (8), /(1) — mf (¢, 2" (1), w(t)) }dt| <
2' [}, Mylq” (t) — q“(t)]dt + 2° [, Ky, dt < MM (', u)+
2 Ko(uly,uly) < M.eM o, u) + Ko(u',u)/2.

In case of Remark 3, define o(u, ') := max{o,(u,u),oc*(u,u),c(u,u')},

where 0, (u, w') := |0 (u, 0, ) |ag|, Oux(u, 0/, ) = [ max{M][(t,w)M.(t, w)ly, (¢, w)dt,
(A4 now corresponds to this ). In the present case, 7 f does not depend on

x”, so the same arguments work to show (16) and continuity of u — 7°¢*(.)

in o-metric.

Furthermore, note that when w,u’ € A; run through sequences u,,u,, such
that & (u,, u*, w) — 0,6(u,, u*,w) — 0, then for each (t,w), e(t, 2%(t,w), ¢* (t,w)—
¢ (t),w) = é(t,u', u,w) — 0. Now, ¥, (t,w) = M We(t, 2% (t,w), ¢"n (t,w)—
q"(t),w) is bounded by 2e*" @ M!(t w), so by properties stated in Re-
mark 3, [0,(t,)}, — 0. Note that Jafls < lal,l51l, < lallBlalay, and

o < d+o0,. Using the last inequalities, as well as o(v/,u) < > a(u'ly,,uly,) <
o*(u',u), by (13), for some ég(d),

|IUI(t7(“J) - (1}“(25,(,0) + QUI(taw) - qu(tvw))h < é8(d>’a-(u:7 U, ')|q+
4|62M ()|p|&(u’, u, .)|2q|0'**(u7 U*; -)+U**(ulv U*a ')*|2l1+|62M © P|4&(ua U'*7 )+
26 (u', u*, ) oglow (U, u, ) |ag < [és(d) + 14d|e*M (')|p]20(u’,u). (18)

Evidently, (18) implies (17).
Proof of (30),(31) below:
Two lemmas are needed.

Lemma 1. Let g € Li(J %, X) be progressively measurable. For any ¢ > 0,
there exists a function h(t,w) := ZZ‘;Og(tk,w)l[Tk(w)fk(w))(t), with tF <
Tk(w) < 7AJC(”) < Tk+1(w) for all w, g(tk>) € Ll(Qaq)tk7X>7 1[T’€(w),+k‘(w))(t)
progressively measurable, such that [, |g(t,w) — h(t,w)|dt < e a.s., with
limg oo 7F(w) = 1 as.

Proof: Let ¢ > 0. By Dunford and Schwartz, lemma II1.11.16, g(¢,.) €
Li(J,L(2, X)) a.e. For each ¢’ > 0, there exists a piecewise constant func-
tion a(t,w) = j'*:o a; (W)l 0,50) (1), to = 0,141 = 1, such that [, ]g(t,.) —
a(t,.)]1dt < €?/2. Thus, there exists an open set A C J, such that meas(A) <
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e, and AD Ag == {t : |g(t,.) — a(t,.)|1 > €'/2}, (note that meas(Ay) < &,
otherwise the inequality involving €?/2 is contradicted). Let B = CA, and
let s; := minB N [t;,tj11), if j € T == {j : BN [tj,tj41) # 0}. For
jg el la;(.) —g(s;, ) <€/2, s0for j € '\t €e BN [tj,tﬁl) we have
9(t,) = 9053, )1 < lg(t.) — ;s + |a;() — 955, )]s < - Define bit,.) =
> ier 9(855 ) 1s;t;40)- Then, if t € B, and ¢ < 1, then for some j, ¢ € [t;, t;41),
so for this j, j € I', t € [s;,t;) and |g(¢,.) — b(t, D =1g(t,.) —g(sj, )1 <€

Assume now that ¢’ is so small that meas(C) < & = [, [gldt < /4.
Then

Sy lg(t,) = o(t, )hdt = [, 1g(t, st + [ lg(t,.) = b(t, . )dt <
5+fA\g —alt,. |dt+fA|a b(t, )|1dt < ¢’ +5’2/2+

fA jer |a] 9(337-)|11[33 ti+1) dt+fA jer|aj( )l [t5.s5) ( )dt+
Ja2jerlai(Oht Hm()dt<s +e?/24+€/2+ [, ]a(t,.)hdt <
5—|—8’2/2+5’/2—|—fA|a —g(t, )dt+ [ g(t, ) dt<€+2€/2/2+8//2+82/4

Hence, there exists a function hy(t,w) = 37, g(t;, w) 1y 1) (1), (finite sum)
with ¢} <r} <t!,,, such that, in a shorthand notation, [, [, [g — hi|dtdP <
€?/2. Then O = {w : [;|g9(t,w — ha(t,w)|dt > £/2} satisfies P(€;) <
e, (otherwise the inequality involving £2/2 is contradicted). Define S :=
t .

{(t.w) : [;lg(s,w—hi(s,w)|ds > £/2}. For some function 7 (w), Sy = {(t,w) :
t € (11(w), 1]}. Evidently, Sy (i.e. 1g,(t,w) ) is progressively measurable, and
{w:nw) <1} ={w: (t,w) € S for some t} = Q. Let m9(w) := 0.

In the above construction, (as a second step ), replace € by €/2 and g by
91 = gl w)1)(t). Then, for some function ho(t,w) := 37, g1 (17, w) 12 2 (1),
2 < rf <2, Jo [, 1o — heldtdP < €2/8. So, Qy := {w : fJ|gl (t,w) —
ho(t,w)|dt > £/4} satisfies P(Qy) < £/2. Write Sp := {(t,w) : [, [g1(s,w) —
ha(s,w)|ds > e/4} =: {(t,w) : t € (12(w), 1]}. Evidently, Sy is progressively
measurable, and {w : Tg(w) <1} ={w: (t,w) € Sy for some t} = Q. Finally,
Se CS1, (g1 =hy=0fort € [0,7(w)), i.e. m(w)>7(w)).

By induction, (replacing ¢ by &/2/71 and g by gj-1 = glir )1 (t) at
step j), functions h;(t,w) = >, g;—1(t], )1[#,7,{) t/ < rl <l can be
constructed, such that [, fJ |g;—1 — hjldtdP < (£/2771)?/2, hence such that

={w: fJ |g] 1 (t w) hi(t,w)|dt > e/27} satisfies P(Q;) < /2771, with

 {(10) [ g51(5,0) — hy(s,0)lds > e/2} = {(t,w) < € (r3(w), 1]}
(SJ progressively measurable), and {w : 7j(w) < 1} = {w : (t,w) € 5]
for some t} = Q;. Finally, S; C S;_1, (¢j-1 = h; = 0 on [0,71_1(w)),
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ie. Ti(w) > 1j1(w)), so ; C Qj . Evidently, for any j, for any w,

JP g(tw) = hy(twldt = [T g1 (tw) — hy(t,w)|dt < /2. Let
h = ZJ: hiliy, i (w)rw) and let w ¢ N,€;, (this intersection being a
null set). Then, for some j = j w € EQJ , i.e. Tp(w) = 1. Hence,

f] 9(t,w) —h(t,w)|dt = z]q f |g (t,w) —h;(t,w)|dt < Z1§j§j* 5/2j <
g, for such an w.

Note that h = 37,(3; g(t, )1, 4w >,111[tg,rg))1m-1(w>wj<w» =

3 98, @) Lo i (), Where 79 (w) = max{t], 7j-1 ()}, 7 () = min{r],

so h is of the form described in the lemma.

Lemma 2 Let g € Li(J x Q, X) be progressively measurable and let k
(0,1). Then, for each ¢ > 0, there exists a progressively measurable set
C C J x Q, such that |k [; g(t,w)dt — [ g(t,w)lc(t,w)dt] < e for all s, a.s.

Proof. Apply Lemma 1 to obtain

essup,, [, ]g(t,w) — h(t,w)|dt < /4, for
h(t,w) = > 720 ar(W) Ly (w)ms @) (1), (19)

where ai(w) € Loo(2, Dy, , X), tr < Ti(w) < Tpy1(w), (t independent of w),
To(w) = 0, limy, 7,(w) = 1 a.s., 17, (@),7es1 () (t) Progressively measurable. We
need a subdivision finer than {7,(w)}. Now, a.s. [, |g(t,w)|dt = K,, < .
For each k, by induction on j, define sets S* = {(t,w) : t € (7p(w) +
&R (W), T(w) + €89 (w)] such that S*7 = {(¢,w) : ffﬁfw lg(s,w)|ds < e/4},
with £#9(w) = 0. After a finite number of steps, say j(w) (< 1+ (¢/4)71K,),
Te(w) + €% (w) becomes > 75,,1(w) < 1 a.s., in which case 7(w) + €89 (w)
is replaced by 741(w) and we stop. Evidently, by induction, S*J becomes
progressively measurable.

Having made this observation, it is evident that we may simply assume that
the points 73 (w) in (19) have the additional property that, a.s.,

f”“ lg(t,w)|dt < e/4. (20)

7 (W)

Define ¢(t,w) := 325 1ir, ), 1-Rymu(@)+Ema ) () Now,

Tt1(w) e (w) B . _
Sy Mt w)o(t w)dt = [T ar(@) L ), 0-Bymw)+Ems ) (DA =
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Fap() (T (w) = 70(w)) = k [0 ap(w)dt =k [T h(t,w)dt. (21)

Tk

Hence, for any given k*,

7= ne, wyet, w)dt Zk<k* ST Bt w)(t w)dt =
Spere B S Bt w)dt = F [ “’)h w)dt. (22)

Moreover by (22) and (19), a

|ka* o(t, w)dt— ]ng’“*w) (t,w)dt| <

|f‘Fk* ¢twdt ka’“*w)htwdtH

!f““"“” = Wt w))d(t,w)dt+ K [ (0t w) = g(t,w))di] <
2e/4 = 5/2 (23)

Finally, for any given ¢, if k* = k*(w) is the largest k such that 7, (w) < ¢,
then, by (20), a.s

|f Yo(t,w)dt] < e/4, |kf ) It w)dt| < e/4. (24).
The conclusion of Lemma 2 then follows from (23) and (24).

For any u(.,.), write f(¢,a(.,.),.) :=
(0,1). Then, for any p > 0, for some

*(t,.),a(.,.),.). Let v, u e UK k e
w) e U, for all s, as., b(d,s,w) ==

(t,x
ult,
’ f[075]{f(ta lAL(t, w)a W) - kf(t> u”(ta w),w) - (1 - k)f<t7 u<t7w)7 w)}dt‘ <p (25)
To prove (25), apply Lemma 2 to obtain, for 12 = u 1c +u(1 — lc) that a.s.,

b(a,s,w) = |k fo w),w) — f(t, u(t w) fo W), w) —
ft,u(t,w), ))1cdt| < p, from which (25) follovvs

Now, replacing [0,s] by I, N [0,s] and p by p/2™"! in (25), denoting the

corresponding subset C' by C™ C I,,, and dropping writing w, we get, a.s.,
for all s,

| Jo 1 Af(E () = [kf(tu" () + (1 — k) f (£, ut)]}dt| < p/27, (26)

where @ on I, is defined by @ := u"1cm + u(1 — 1gm). Also, for this u(t,w),
(25) holds.

Now, (25), combined with Gronwall’s inequality, give, a.s.,

15



supy [¢*(t) — [kq"" (t) + (1 = k)g*' (D)]] < e p. (27)

Both in case of Remarks 2 and 3, (27) holds, until further notice, let us
now restrict attention to Remark 2. From (27) it follows that, for all ¢,

essup, | fo (£, 27 (1), u (£)){g" (t) — [kq"" (1) + (1 = k)g"(O)]}| < MM p,

SO

essupy [ 10,7 fa(t, 2% (8), u™ (6)){q" (t) = [kq"" (t)+(1=k)q" (t)] }|dt < MzeM™ p/2m 1,

Combining this with (26) gives, a.s., for all s,

[ Jo L, m{g™(t) = (kg™ () + (1 = B)g(t)]}dt| < p(|m| + MzeM™) /271 (28)

By (27),

Ela-{q"(1) = [kq"" (1) + (1 = k)g“(1)]}at] < |alle|1p. (29)

Now, if u” € Agr, u € Ay, for d" = o u*) < d, d = o(u,u*) < d, then,
for each m there exist sets D! and D,, in I, x Q such that D! D {(t,w) :
t € Ly, u'(t,w) # u(t,w)}, Dm D {(t,w) : t € In,u(t,w) 7é u *(t,w)},
essupr 1pydt < d”/2erl essup [, 1p,dt < d/2m+, essup [, M(t)(3 Loy )dt <
d" < d", essup [, M(t)(X 1p,)dt < d < d. Let D = U,, D, D” = U,, D,
C = uUC™. Assume that we had carried out the construction in (26), for p
< k(d" — d") and the functions f(¢,u”(t)) and f(¢,u(t)) replaced by ((1 +
M) 1pr, (L+ M(#))(1pr +1p), f(¢,u"(2))) and (14 M (2))1p, 0, f(t, u(t)),
respectively. Then, a.s.,

sups| [ (1+M (6) 11, {1prLem+1p(1=1cm)—[klpr+(1—k)1p]}dt| < p/2mT,
50, as., both | [, 15, {1prlem + 1p(1 — lem)}dt] < p/27*" + [kd” + (1 —
k)d)/2mt < [kd” + (1 — k)d]/2™H and (summing over m), sup;| Jo @+

M(t )){1Dnlc + 1p(1 — 1¢) — [klpr + (1 — k)1p|}dt| < p, and hence, a.s.,
| [, M(t){1prlc +1p(1 —1¢)}dt] < p+ [kd” + (1 — k)d) < [kd" + (1 k)d]

Similarly, a.s.,

supy| [o 17, {(1+M(t))(1pr+1p)lem —k(1+M(t))(1pr +1p)}tdt] < p/2mH,
SO, a.s.,| flm(lD” + 1D)1Cmdt| S p/2m+1 +kj((§’/ _|_dA>/2m+1 < k(d//+d)/2m+1
Summing over m, the first inequality gives, a.s., | [, M(t)(1pr +1p)lemdt| <
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p+k(d' +d) < k(d" + d).

Note that, for ¢t € I,,,, 0(t,w) # u*(t,w) = (t,w) € (D" NC™) U (D NLC™),
so, for d’,d < K, U € Apgry(1-k)a, moreover, 4(t,w) # u(t,w) = (t,w) €
(D"UD)NC™, so o(t,u) < k(d" +d).

Similar arguments work in case of Remark 3: Since n'f does not depend
on z”, (27) holds for g, M* replaced by n'q, M**, and this suffices for (28)
to hold in this case. Now, (27) also holds as written, which again implies
(29) The sets D7, and D, are now chosen to satisfy also | [, M, (t)1pndt|, <
d, — [, M( 1Ddt\q< d. Tn this case the sets C™ are so chosen that even, a.s.,
Sup, | fO 1Im{1D”1C'm + 1D(1 — 107") [k)lD// + (1 — ]ﬁ?)lD]}dﬂ S p/2m+1
and Supg | fO 1[m{M ( )(1DN + 1D>1Cm — ]CM ( )(1DN + 1D)}dt| < p/2m+l
These inequalities imply | [, M. {1DN10 +1p(1—1¢)}dt|, < p+[kd"+(1—
k)d) < [kd" + (1 — k)d] and |fJ Y(1pr + 1p)lemdt|, < p+ k(d' + d) <
k(d" 4+ d). So in both cases, (28), (29) can be obtained for a 4 € Aggry(1-r)a
with o(a,u) < k(d" + d).

Thus, for any € > 0, " € Agr,u € Ag, (d",d < K) some @ € Apari(1-k)a
exists such that o(a,u) < k(d” + d), and

gt () = [krg () + (1= k)7 ()] <e, (30)

Ela-{g"(1,w) = [k¢""(1,w) + (1 = k)g" (1, w)]}| <e. (31)

Proof of (32) below. Let d € (0,1]. In the above construction, let u” € UX |
u = u*, let k be slightly less than d, and let d and ¢’ be positive numbers, so
close to zero that k(d” + d) < dK, where d’ = K + &', (u* € Aq, v’ € A,
so 4 € Ajg. Then, (30),(31) give that |(Ea - ¢*(1,w),7>*¢%(.)) — k(Ea -
¢ (1,w), 7°¢""(.))| is arbitrarily small, (the norm is |.| x> | |-norm, |.| =
absolute value), hence k(Ea-¢*" (1,w), 7¢""(.)) € cl{(Ea-¢"(1,w), 7¢"(.)) :

@ € Age}, (closure in || x* |.]-norm) and so also, (for any u” € UK, d €

(0,1]),

d(Ea-¢*" (1,w), ¢ () € d{(Fa - ¢*(1,w),7°¢*(.)) : & € Az} (32).
Final proof steps. For z(.) € Loo(£,Y), define I, (2(.)) = E[z(.)[P1-1/2]
and IL;(2(.)) := E[2(.)|®1_1/2:] —E[2(.)|®1-1/2i-1],% > 1. Furthermore, define

the subset L™ of L (€2,Y") to consist of all element z(.) € L (€2,Y") such that
sol2()| =supi2’|Tliz(.)]oo < 00, and such that z(.) = limy o0 Dy o;cp iz ()

17



= limy oo E[2(.)|®1_12¢], (limit in |.|c-norm). It is easily seen that elements
of the type [;y(t,w)dt, y(t,w) progressively measurable, |y(.,.)]o < 00,
precisely make up the set L*°. To see this, note that |H1 [y(t,w)dt] <

(t,
(., )los, and, for j > 1, |II; [, y(t,w)dt| = |IL; Zo<z<oof1 y(t,w)dt| =
(-

|55 ricne T Jy 9t @) < X0 /21y e = 1/27 2]y (-, ) oor More-
over,

|ij w)dt— Zl<]<kn ij (t,w)dt| = |f,]y (t, w)di— EUJ (t,w)dt[ @1y ]| =
| [yt w)dt— [yt w)dt— B i o 9t )|y ]| < (2/29)[y (-, ) oo
so [;y(t,w)dt € L>. Finally, if z(w) € L™, then z(w) = [,~(t,w)dt, for

Yt w) =235 2mHmZ(w)1[171/27",171/2'"“)( ), where |7( oo < 200]2(1)]
v(.,.) progressively measurable.

Let © be the linear map from L., into L defined by (zo(w), 2 (w),...) —
> %i(w). Let us prove that © has norm < 8 for the norms *°|.| and |.|: Now,
T 3220 7o < 12220 7)o < 3220(1/29)%]2()] < 2-%[2(.)], while for
Jo> L MG 0wl = 305 1 201 = | 225, 1 { B0 Proy] —
Elzi()|®1-1/2-1] oo < 2225 {120 )]eo + l2i( ) e} < 32555122 |2()]/2" =
>|2(.)|/2773. Note that ©7>®y“(.) = 7w2%(1,.) and O7><¢*(.) = mq“(1,.). Thus
(16) and (17) imply, for any u,u’ € Ay,

so|mz (1,.) — wa™(1,.) — [mg¥ (1,.)—mq"(1,.)]| < éo(d)o(u', u) (33)
Ela-{z"(1,.) —2"(1,.) = [¢" (1, )=¢"(1, )} < eo(d)o (', u) (34)
By (30),(31), for any k € (0,1), € > 0, if u”,u € Ay, then, for some 4 € Ay,

wolmg(1,.) = [kmq"" (1,.) + (1 = k)mq"(1,.)]] <e, (35)
Ela-{q"(1,.) = [kq""(1,) + (1 = k)q"(1, )]} <, (36)

(d < K). By (32), for any u” € UX,d € (0,1],

d(Ea- ¢ (1,w),mq""(1,.)) €c{(Ba-¢"(L,w), 7¢*(1,.)) : 4 € Age}  (37)
where ¢l means closure in |.| X |.|, (the first |.| -sign being absolute value).
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Let us now invoke Theorem B in Appendix, for A = UX M’ = 1,0(.,.)
o(,)/K, (so Ag = Agg), Y = Li([0,1] x Q,X), and, for ¢ € YV,7p =
Ea~f0T¢dt€R:Zw¢—wf0 (t,w)dt € L>* = Z, y(a) = 2“(., )(u
a),yt(a) = ¢“(.,.),a = u*, 2 the constant function g, 2* = 1,dy =
Evidently, UX is complete in the metric o, (see Theorem C in Append1x)7
and (33)-(37) imply (A)-(C) to be satisfied in the manner required in The-
orem B. Moreover, (4) and (35) imply that clry™(A) is a convex body. Fi-
nally, continuity of u — (Fa - ¢“(1,.),m¢"(1,.)), (see discussion subsequent
o (17)), and (33),(34) give that v — (Fa - z%(1,.), 72*(1,.)) is continuous.
Hence, Theorem B applies, and ylelds a contlnuous linear nonzero functional
(Ao, 2*), Ay > 0, such that AgEa - fo Jdt 4 ( fo Jdt, z*) < 0 for
all u(.,.) € U*. Hence the conclusion of Theorem 1, (or more precisely of
Remark 2), follows, for v = z*.

Remark 6 By Theorem B in Appendix, in Remarks 2 and 3, it evidently
suffices to assume that (4) holds for co replaced by clco, where cl means clo-
sure in |.|. This weakened condition (4) is implied by the following condition:

For some § > 0, some 7" € [0,1], some bounded progressively measur-
able function y(t,w) € Lo ([T",1] x ©,Y), some complete separable metriz-
able subset U of U, B(ri*(t,w) + y(t,w),d) C 7f(t,2*(t,w),U,w) C Y,
for all w and t € [T”,1]. Moreover, M'(t,w) (see Remarks 2 and 3), is
a constant M’ and, for some constant K, essup, fJ M(t,w)dt < K and
|f(t, 2% (t,w), u,w) — f(t, 2*(t,w), u*(t,w),w)| < K forallw,t € [T",1],u € U.
(In case of Remark 3, the latter condition need only holds for f replaced by
7' f.) Finally, U C U(t,w), for all (t,w).

(It may also be shown that the weakened condition (4) implies the ordi-
nary condition (4).)

Proof of Remark 6 Let 7 = 1. Let T* € [0, 1) be so large that M ;.
< 0/2K|r| for allw, p € [T*,1]. Let T" = max{T",T*}, and let LE2°9([T", 1] x
2,Y) be the closed subspace of L., ([T"”, 1] x Q,Y"), consisting of progressively
measurable functions. Note that for any z(t,w) € LE([T",1] x Q,Y),
for which |z(.,.)|dt < 6, by (an easy extension of) the selection theorem
of Kuratowskii, there exists a progressively measurable function v(t,w),t €
[T",1],w € Q, with values in U, (the set of such ones is denoted U"), such that,
a.e.xa.s., mi*(t,w) + y(t,w) + z(t,w) = 7 f(t,z*(t,w),v(t,w),w),t € [T",1].
(At this point, actually only a suitable approximate equality is needed, which
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allows for a weakening of the assumptions in the remark. In particular, it
suffices to assume B(mi*(t,w) + y(t,w),d) Ccleom f(t, z*(t,w),U,w) C Y.)

Now, for any o(s, w) € Lrro9([T7,1] x Q, X), le,, C(1,s,.)P(s,.)ds =

fT" I + f fﬂc Py T \p, ')a u*(p, ')v ')C(p> 5, ')dp]¢(37 )dS =
[old(p, ) + [2, fm p, z*(p,.),u (,0,.),.)C’(p,s,.)qb(s,w)ds]dp. Let H be the
o 0(pr) 5 (0.) = [ Folp (9 ot (p. ). )Cp. 5, Y, )ds. Now,

P(.,.) is also a progresswely measurable function of (p,w), with L.-norm
< |¢|oed /2K |7|. We just showed that BL (y(.,.),0) € {mf(.,z*(.),v(.),.) —
mf(oa (), u (0, ) (., € U}, BL'(y(.,.),8) a ball in LE/9([T", 1] x
Q,Y). Moreover, |mH[f(.,2*(.,.),v(.,.),.) — f(,2*(, ), u*(5, ), )]]ee < 6/2,
50, (see Lemma 11.1, Seierstad (1975)), BL (y(.,.),6/2) €clV, for V :=coV’,
where

Vo= {n(I + H[f( 2" (), 0(), ) — FGat (L) u( ), )] s o) € U7 ©

Lreg([T" 1] x Q,Y), cl = closure in |.|o. Let z(.,.) € BL (y(.,.),§/2), and
let € > 0 be arbirary. Then there exists a 2/(.,.) € V Such that |2/(.,.) —
2y )|oo < &. Tt follows that | [, 2/(t, w) v ydt— [, 2(t,w) 1 ydt] < 5/2“rl
S0 Oo|fT,, "(t,.) — z(t,.))dt| < 4e, (recall |O] < 8) . Hence fT,, dt +
B(0,0(1 —T")/4) Gclco{fT,, Jdt : zZ2(.,.) € V'} C L™, Where B(.,.)
and cl refer to the norm |.|. To see thls note that any element z(.) in
B(0,6(1 —T")/4) can be written as z( fo vt )dt, (., ) < 25]2(0)] <
d(1 —1T1")/2 and fo t,.) —fT,, 1/(1 T”)) '(s ,.)ds,y(s,w): (s/(1—
T) = T (1= T"),w), () /(1 - T") € BL'(0,8/2) € L (T, 1] x 2,Y),
progressively measurable since s > s/(1 —T") =T"/(1 =T")).

Proof of (8). Let 7" = 1. Assume for the moment that v is absolutely
continuous with respect to P. Then, by the inequality |C(1,s,.)| < e,
also ¢ — p(s,®) is absolutely continuous, hence, (considering for the mo-
ment Dp(s,w) := D,p(s,w) and Dv(w) to be linear functionals), evidently,
Dp(s,w) = C(1, s,w)*Dv,(w) and (0/9s)Dp(s,w) = (0/0s)C(1, s,w)* Dv,(w)
—(fo(s,x*(s,w), u*(s,w),w))* C(1, s,w)* Dv,(w) =

- (fx(87'T*(S?w)7u*(saw)7w))*Dp(S’w>'

If it is only known that ¢ — (C(1,s,.)p,v),d € Loo(2, Py, X), s < 1, is ab-
solutely continuous, (this happens more often ), then for any s < 1, choose a
T € (s,1), apply the above arguments to p(s,w) = C(T", s,w)* vy (w), v =
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C(1,T',.)*v,, to obtain (0/9s)Dp(s,w) = (0/9s)C(T", s,w)* Dvp(w) = —
(fol(s,z*(s,w),u*(s,w),w)* C(T", s,w)* Dvp(w) =
— (fa(s,x*(s,w.),u*(s,w),w)* Dp(s,w).

Proof of Remark 5 Let T' = 1. By the proof of Theorem 1, for n** :=
max{1, K* n*}, multipliers (A" *) n=n*", n**—H ., with A§ > 0, max{Ag, |2}|}

0 Y
= 1, exist for which AgEa-fO Jdt+(m fo dt 25y <0, u(.,.) € U
This same inequality is satisfied by any given Weak* cluster point (A, 2*) of

(A§, z%), for any u(.,.) € U,U”. From this inequality, it also follows that

05 *n

(Ao, z*) # 0: For simplicity, assume limn Ay = Ao. If Ag = 0, then for n

large both |z%] = 1, and |AjEa - fo ,)dt| < a/4, for all u € UK, so
fo Jdt, 2%y < «/4, which ylelds7 in partlcular, (z+y,25) <a/d, z:=
fo dt for y € Ba, see (4). This means that (z,2}) < inf,ep, (—y,2;) +

a4 S 1nf eB0,a/2)(2" 2) +afd = —a/2 + a4 = —a/4, (B(0,a/2) a ball
in L), the last inequality because it was shown in the proof of Theorem 1,
that for any 2” in L*>°, 2 fo (t,w) for some 7( )€ LPros(J x Q,Y) with
7(., ) < 25]2"|. Le. even (z,2*) < —a/4, so z* # 0.

Proof of (7) With the conventions in the proof of Theorem 1 and a short-
hand notation, |C(T,s,w) — I| = |fST f.Odt] < M@ fST M'(t,w)dt <
MA@ (w), [7(C(T, s,w) =) = | [, mfoCdt| < M [ MLidt < eM™ (T -

s)M!, and p(t,p)—p(T, ¢) = (7 (C(T,s,.)—1)p,v)+ N E((C(T, s,.)—1)o,a),
from which (7) follows.

Applications

A. Continuous systems Assume that X = R"Y = R" Q = {w =
(71, 72,...) : 7; € [0,00)}, and that conditional probability densities ji(7j+1|1, ..., 7))
are given, (for j = 0, the density is simply /i(71), sometimes written /(71 |79), 70 =
0). The conditional density fi(7j+1|71,...,7;) is assumed to be measurable
with respect to 7y, ..., 741, and integrable with respect to 7;,;, with inte-
gral 1. We assume [i(7j41|71,...,7;) = 0 if 7,41 < max;<;<; 7;. This means
that we need only consider nondecreasing sequences w = (71,72, ...), mak-
ing up the set 2, or even the set €)' of strictly increasing sequences. For
w! = (79,71, ...,7;), these conditional densities define simultaneous condi-
tional densities [u(Tj11, .. Tn|w?), ({71, s Tm|T0) = (71, .. Tin)), assumed
to satisfy: For some k* € (0,1), some positive numbers ®*(¢, 5), v(t, 5),

v(t, j) € (0,x7),
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Pr(t € (7, Tmsa]Jw’] < @*(E, ) (v(t, )™, (38)

for any given ¢ € [0,00). Property (38), used for j = 0, means that with
probability 1, the sequences (71,72, ...) has the property that 7; — oo, (the
subset of such sequences in €' is denoted §2”).

Let the term "nonanticipating function” mean a function y(t,w) = y(t, 7, 72, ..

)

that for each given ¢ € [0, T, depends only on 7; < t. (Formally, y(¢, 71, 75, ...) =

y(t,m,mo, ) if i 7 <t} ={i:n <tland 7/ =7 for i € {i : 7, < t}.).
This corresponds to letting ®, be the o-algebra generated by sets of the
form A = Ap;, = {w = (70,7,...) : T € B}, where B is a either a
Lebesgue measurable set in [0,t], or B = (t,00),7 € {1,2,...}. Condition
(38) entails that a probability measure P, corresponding to the conditional
densities fi(7;11|w?), is defined on (Q,®), & = ®p. If y(.,.) takes values
in a topological space Y, let M™"(J x Q.Y) be the set of functions
being nonanticipating and simultaneous Lebesgue measurable on each set
[0,7] x €;,8; := {w : 7,41 > T}. (These properties are essentially equiva-
lent to progressive measurability.) As a function of (¢,w), f (in (1)) is now
assumed to be nonanticipating. Sometimes we write y(t,w) = y(t,w') when
T < tTZH > tw € . Now, we define U’ = M™""(J x Q. U), B, =
{[;2(t,)dt : z(.,.) € M (] x Q,Y),|2(.,.)|e < a}, and we let 2(.,.) €
L”O"’mt(J x ) Y) ={z(.,.) € M™ (] x QY),|z(.,.)|e < 00}. For these
definitions, Theorem 1 holds.

The present type of systems might be termed continuous, piecewise deter-
ministic. In such systems, the right hand side of the differential equation in
(1) exhibits sudden changes at stochastic points in time 7;. In concrete (eco-
nomic) situations, this may be earthquakes, inventions, sudden devaluations
etc.

In the remaining part of this section A, assume that, for any t < 7', C(T, ¢, .)*7*

is absolutely continuous with respect to P. From now on all w’s occurring will
belong to €. Let H! be any Lebesgue measurable set in [0,¢]* and define the
corresponding set H} := {(7,72,...) € Q' : (11,....,7:) € Hl, 7111 > t} € O,
The absolute continuity assumption implies both that, (by (38)), for any
t<T,

lim sup <7TC(T7 t, ')¢1(TN§t]7 V> =0, (39)

N=00 4 B(0,1)C Loo (2,84, X)

and that, for any unit vector e;, for each i and t < T', Hf — (e;1;, O(T ¢, .)*n*
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is absolutely continuous with respect to P and so also with respect to Lebesgue
measure. Defining pi*(s, 1gs) = p(s,e;lg:i), we get that HY — pi*(s, 1ns)
is absolutely continuous with respect to Lebesgue measure. Moreover, the
Radon - Nikodym derivative of H — (pi*(s, 1gs), ..., p; (s, 1us)) with re-
spect to Lebesgue measure, denoted p*(s,w?) := (pi(s,w’), ..., pi(s,w?)), is
absolutely continuous in s in any interval (7;,7"), with a right limit at the
left end of the interval, and satisfies, for a.e. s > 7,

p*(s,w') = —p*(s,w) fu(s, 2*(s,w), u*(s,w),w) — p*(s+,w’, s). (40)

if p*(s,w") is considered to be a row vector. (For ¢ = 0, this equation is
satisfied by p*(s,w®) 1= (p(s, €11(s,00)(T1); -, D[Sy €nl(5,00)(71).) If at most N
jumps can occur, then p(s+,w™,s) = 0. We define the nonanticipating
function p*(t,w) by p*(t,w) = p*(t,w") if t € (7;,741) N J. Then, for any
u(.,.) € UK, for a.e. t,

(f(t,z*(t,w),u(t,w),w) — f(t,z*(t,w),u* (t,w),w), p*(t,w)) < 0. (41)

Sometimes it is useful to work with the function ¢*(¢t,w') = p*(t,w")/0(¢, w"),

ft (W', Typ1)dTig1. Let ¢*(t,w) be the correspondlng nonantic-
1pat1ng functlon For simplicity, assume ft (W*, Tyy1)dTie1 > 0 for all
t € J,w'. The following differential equation is satisfied by ¢*(t,w) : For
any i, for a.e. t € (1;,7i11) N J,

w) = =q"(t,w) fo(t, 2" (t,w), u*(t, W), W)+

q(t, t )
*(t,w) — ¢ (t+, W', 1) (W, 1) /0(t, wh). (42)

(q

(If at most N jumps can occur, let i(7yi1,w™) = 0,0(7n41,w"™) = 1.) The
function ¢*(¢,w) (as well as p*(¢,w)), is absolutely continuous in ¢ in any in-
terval (7;, min{T, 7;,1}), with left and right limits at the ends of the interval,
(a left limit only if 7,1 < T). Of course, in this case, for all u(.,.) € U¥,
a.s., for a.e. t,

(flt,z*(t,w),u(t,w),w) — f(t,x*(t,w), u*(t,w),w), ¢"(t,w)) < 0. (43)

Finally, a relationship between p*(t,w) and v that is frequently useful, is
obtained from the definitions of v, and p*(t,w): For any 7,,; > T, a.s. in W',
7, <T,j=1,..,n, (provided the two limits exist):

limy o pi(t, w') = Aoa;0(T,w") + limy s €;Dr, .y {C (T, t,.) 7 v} ((0, 1] X
X (O,Ti] X {Ti+1 P Tig1 > t}) (44)
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(where for i = 0, the right hand side reduces to Aga;0(T,w°)+lim; ~r e;C (T, ¢t,.)*
v({m : 7 > t}). Here D¢, . is a derivative with respect to (7,..., 7).
To obtain a corresponding condition for ¢*(.,.), replace p*(t,w’) in (44) by

g (t,w")0(t, w').

When solving a concrete problem one may start by proving the above abso-
lute continuity of C(T, t,.)*n*r with respect to P. Or, one may even start by
assuming this absolute continuity. If in the problem at hand this assumption
is false, the need to relax this assumption will soon express itself.

Proof of (40).

Write v, := (7C(T,t,.))*v. By the absolute continuity assumption, for some
P-integrable function 1, for any ¢ € Lo (2, @4, R"), (¥, 1) = [, (1), 1) dP(w).
Write v! = v, + E{., A\gC(T,t,.)*a) = C(T,t,.)*vs, V' = by + NoC (T t, .)*a.

Tk

Furthermore, write fgg*)(s,w) = fols, 2% (s,w), u*(s,w),w) and w; = (Ty41, Tixa, ---)-

Recall the following facts about C(., .,.): C(t,s,w) = I—i—fst F(p,w)C(p, s,w)dp,
so for a.e. s, t — OC(t, s,w)/0s is the solution of the equation: dC(t, s,w)/ds =
—fé*)(s, w)+ fst fé*)(p, w)(0C(t, s,w)/0s)dp. Since C(.,.,) yields the solution

of such equations, then dC(t, s,w)/0s = C(t, s, w)(—fé*) (s,w)). This formula

in fact holds for all regular points s in (73, 75.1) of £ (s, w).

Let 0 < s <t < T, (t fixed, s will be varied). Note that vy =
Cl(t,s, ) v, = C(t, s,w)* Y. Let ¢ = Wl[ﬂ.gs}l[mps}, where ¢ = ¢(w?) €
L (QZ R"), Q¢ = {(7’1,.. ) Tk < Teesk = 1,0 — 1,7 < T}. Now,

= [0, 0*)dP(w) = [ [ (W' 1<, E[Y° |w Tz+ﬂ>/l(wi7Ti+1)dTi+1dwi;
S0, for 7; < s, a.s., the Radon Nicodym derivative p*(s,w") := (d/dw")p(s, 1)
equals

fOOEQﬂSW‘ Tz+1]ﬂ(w Tiv1)dTip1 = f E[C(t, Saw)*wt|wi77—i+l]ﬂ(wiaTi+1>d7—i+1 =
C(0,s,w' f E[C(t,0,w)* ' |w’, Tz+1],u(w Tz+1)d7'z‘+1-

The last expression shows that a.s., p*(s,w’) is absolutely continuous in s
in any interval (7;,t), with a right limit at the left end of the interval. In par-
ticular, a.s., p*(r,+,w') equals [ E[C(t, 7, w)* " |w’, i fu(w’, i )dripn =
E[C(t, 7w )’(/)t|w] (w'). Now, using this calculation, (for w’ replaced by
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(w',s)), and the last formula for p*(s,w’), it is seen that p*(s,w’) is differen-
tiable for a.e. s in (7;,t), and letting p*(s,w") for the moment be a column
vector, then, a.s., p*(s,w’) equals a.e.

[C(0, s W)( (Sawz))]* SOOE[ (t, Oaw)*wt‘wiaTi+1]/l(wi,7i+1)dﬂ'+1—
E[C ( )wt|w sli(w’, s) =

[ f E C( 7S5 W) WW Tz+1],u(wi77i+1)d7'i+1 -

fs E tasﬂﬂ 75=Wz+1> P! |w? 75772+2}N(W 8, Tir2)dTipo =
[—fé*)(s,wi)]*p*(s,wi) — p*(s+, W', s).

Hence, the present p*(t,w) is a.s. equal to the one defined in (40).

Remark 7 (The relationship between (41) and (5))

Let us take another look at the relationship between (41) and (5), (still the
absolute continuity assumption is postulated). Let b be any number < T,
and let u(t,w) € UK. Write al(w) := 1<)l 5.t < b. From (41), it
follows that,

fQZ (w) y ¥ (tw), u(t,w),w) — f(t, a:*(t,w),z*(t,w),w)

(@ ()[f( ( Doult, ), ) = f(t 2 (t,.),ur (L, ),

Hence, using that (38) implies Y of = 1 a.s. and P-integrability of [f (¢, z*(¢,.), u(t,.),.)—
ft,x*(t,.),u*(t,.),.)] for a.e. t, (so sums and integration with respect to
C(T,t,.)*v. can be interchanges), gives, for a.e. t,

0 Z Zz(aﬁ( )[f(t7x*(t> ')7u(t7 )7 ) - f(t

(f(t,x*(t,.),u(t,.),.) — f(t,z*(t,.),u*(t \ =

(Cb,t, )f(E 27 (t,) ult,.),.) = f(E (L), u (), )], C(T'b, )" )

Then, using that C(7,b,.)v|e, is absolutely continuous, it follows that 0 >
f(]b ( ) )7u(t7 )a ) (t Z (t )7u*(t7')7 )]7O(T7 b, )*V*)>dt =

fo x*(t, ), ult,.), )—f(t, x*(t,.), u*(t,.),.)]dt, C(T,b, .)*v,))dt =
(f;C Lot () ult, ), ) — FlE (), wr(t, ), D]dt, v))dt.

Let us introduce the condition: For all u(.,.) € UX,

T

(/ C(T,t, )[f(t,z"(t,.),ult,.),.) — f(t,x"(t,.),u"(t,.),.)]dt,vs) < 0. (45)
b

Evidently, (41) and (45) are equivalent to (5). In fact, (5) is equivalent to
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(41) and the following condition: For all u(.,.) € UK,

hrnsup(/ C(T,t, )[f(t,z"(t,.),ult,.),.) — f(t,z"(t,.),u"(t,.),.)]dt,v.) <O.
" ' (46)

Example 1 Consider the problem

max B f; (—u?/2)[1j0.0(6) + (1 =) (D)dt, & = w,u € R,2(0) = 0,2(1) = 1

where 7 is exponentially distributed in [0, o0) with intensity A.

This problem is rewritten by introducing an auxiliary state variable 2° | gov-
erned by 2° = (—u?/2)(1j.) + (1 —7)1}-17), 2°(0) = 0, with 7 = (2%, 2) — .
Then the criterion is E2°(1). Let us agree that we only look for candidates
u*(.,), for which Ef,u*(t,.)’dt < oco. We shall apply Remark 5, (com-
bined with Remark 3), and we let U, (t,w) = [-n,n] + u*(t,w). We take
M., (t,w) = 0, Mu(t,w) = nu*(t,w)] + n*/2, M(t,w) = n,M'(t,w) =
0, K* = 1. Evidently, C(1,t,w) = I, so, obviously, (4) holds for U}, a = 1,
2(t,w) = 0. The adjoint variable ¢%(.,.) corresponding to z° equals Ao, (by
(44), limy ¢o(t, 7) = Ao, both for 7 > 1, and 7 < 1, and the adjoint equation
for ¢%o(.,.) is evidently satisfied by ¢%o(.,.) = A.)The adjoint variable ¢ cor-
responding to x is, for simplicity, written ¢*. Let us show that Ay is nonzero.
In general, if in Theorem 1, 2(t,w) = 0, Ag is always nonzero. To see this in
the present example, inserting v = v* £ v, v an arbitrary bounded nonantici-
pating measurable function, in (5) gives, when Ag = 0, that ([, +vdt,v) <0,
ie. (f,vdt,v) =0, contradicting v|g, # 0. So let Ag = 1. Next, let us show
that v|e,, s < 1, is absolutely continuous. Let z(t,7) be an arbitrary bounded
nonanticipating measurable function, let b < 1 be arbitrarily chosen and let I
be a Lebesgue measurable set in [0, b]. Inserting the nonanticipating function
= 1p1)(t)17(7)(£2(t, 7)) + v* in the maximum condition (5) gives
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(11 [y 2t )t v)+ By [, {((= (£, )E2(t,))?/2)+(—u () /2) L +
(1 )1[71]dt < 0.

Letting 2(t,7) = =1, gives =(1 — b)(15,v) < E[l; [} (ju*(t,.)| + 1/2)dt],
which yields absolute continuity. Moreover, letting I = [0, 00), the next to
last inequality also gives limp ( fbl +2(t,7),v) <0, as the second integrand
is bounded by |u*||z] + |z[?/2. For t > 7, by (42), ¢ ( 7) = 0, so write
q*(t,7) := q.(7). By (43), —u*(t,7)(1 — 7) + q«(7) = 0, so u*(¢,7) is inde-
pendent of ¢, and we write it u,(7). Then z*(¢t,7) = x (7’, T) + us(7)(t — 7).
Evidently, we must have (at least a.s.), 2*(7,7) +u.(7)(1—7) = 1, in order to
reach the point (1,1) from (7, 2*(7,7)). Hence, u.(7) = (1—(*(r, 7)) /(1 —7),
which gives ¢.(7) = u*(t,7)(1 = 7) = u.(7)(1 — 7) = 1 — 2*(7, 7). Before the
jump, by (43), —u*(t) + ¢*(t) = 0, (the "before jump” entities are written
without 7 appearing), so 2*(t) = ¢*(t). Moreover, ¢* = [¢*(t) — ¢*(t+, )]\ =
[q*(t)+x*(t)—1]\. In fact, we have to solve, simultaneously, the two equations,
& = ¢" and ¢* = [¢* + = — 1]\, which yields the second order equation & =
[# +x — 1]A. The latter equation has the solution z*(t) := Ce™' + De™=! +1,
ry = (1/2)[A£ (A2 +4\)Y2], where C and D are determined by C'+D+1 = 0
and Ce™ + De'™= +1 = 1. As z*(1) = 1, and &*(¢) is bounded, then,
lz*(1) — 1| = |2*(7,7) — 1| < K(1 — 1), for some K, so u,(7) is bounded.

The sufficient conditions of Remark 11 below give optimality of w*(¢) and
u,(7) in the set of controls taking values in U, (t,w),n = 1,2, .... (The condi-
tion (5) is satisfied, because (46) holds.)

B. Piecewise continuous systems Let us now consider piecewise contin-
uous systems, where the state jumps at the times 7; introduced in A above.
Hence, to the set-up in A, add the feature that

x(ri+,w) = §(m, v(1i—,w), 0). (47)

So now, t — z(t,w) is only absolutely continuous (and governed by (1)) be-
tween the points 7;, with left and right limits at each 7;,7 = 1, 2, ... satisfying
(47). We take t — z(t,w) to be left continuous, (yet we often, ”unneces-
sarily”, write x(t—,w)). The function f satisfies the conditions in Remark
2. It is assumed that §(.,.,7) and g.(.,.,7) (exist and) are continuous and
that, for some d > 0, §,(.,.,) is uniformly continuous in z € B(z*(t,w), d),
uniformly in ¢,7. Hence, in this case, for any ¢ > 0, for some §, |z — 2/| <
6, xz,7 € B(z*(t,w),d) = |§u(t,,7) — Go(t,a',i)| < e for all t,i. This prop-
erty automatically holds, if at most N jumps can occur, N some positive
natural number, and the Simple Global Assumptions hold, (then x*(¢,w)
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and so also B(z*(t,w), d) are contained in a compact set, independent of w).
It is assumed that for some positive numbers M;, |g.(t, z,7) — I| < M; for all

(t,z) € B(z*(t,w),d), for all w, and ), M; < co. Finally, it is assumed that

E[fOT |f(t 2 (tw), u*(t,w), w)|dt+ > 19(7i, 2% (1i—, w), 1) —2*(1i—, w)[] <

In this section, define C(t,s,w) as follows: In each interval (7;,741) N J,
t — C(t, s,w) is absolutely continuous, with left and right limits at the ends
of the interval, and with t — C(t, s,w) governed by

C(t,s,w) = fo(t, 2" (t,w),u*(t,w),w)C(t, s,w), C(s+, s,w) = I, (48)
while t — C(t, s,w) has jumps at each 7; given by
C(ri+, $,w) = Gu(13, 2% (1i—, w), 1)) C (13—, 8, w). (49)

The function C(t,s,w) is right, and piecewise, continuous as a function of
s, jumping only at the 7;’s, and is (taken to be) left continuous in ¢. The
following theorem holds:

Theorem 2 Assume that (4) holds when the present definition of C(7,t,.) is
used in (4), (for B,, see Part A). Then the necessary conditions of Theorem
1 also hold for the present piecewise continuous system, when the present
definition of C(T',t,.) is used also in (5).

Again, if, for t < T, C(T,t,.)* 7*v|e, is absolutely continuous with respect to
P, then an adjoint nonanticipating function p*(¢,w) is defined, satisfying the
adjoint equation (50) below: For any 4, for a.e. t € (75, 7401) N J,

pr(tw) = A
—p*(t,w) fo(t, 2" (t,w), u*(t,w),w) — p*(t+,w", ) g (t, *(t,w), i + 1), (50)

p*(t,w) being absolutely continuous in ¢ in any interval (7;, min{T,7;11}) C
[0, 7], with left and right limits at the end of the interval, (a left limit at
Ti41 only if 7,417 < T'). Moreover, the maximum condition (41) is satisfied.
The end condition (44) holds in the same way as before. Finally, (5) is still
equivalent to (41),(46).

Proof: Let T = 1,29 = 0, and write ¢ = g — x. The above jumping
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system can be rewritten as a nonjumping system, as follow:

Let M = >>° M,;, My, = 0, and write a; = LoMi- For : = 1,2, ...,
let 78 := 7%(71;) == 7 + a;_1, if 7, < 1, and 7% := 7U(7;) = M+ 7 + a;_y if
7, > 1, 79 = 7° = 0. There is an one-one correspondence between the 7’s
and the 7;’s. Define also 7! := min{7"™! 7' + M; + 1 — 7;}, and note that
74 <14+ M & 7541 < 1. Hence, 71! < 1+ M & 71! = 71 To see the lat-
ter equivalence, observe that 7'+ M;+1—7; = 7;+a;_1+M,;+1—7;, = 1+a; and
1+a; > Tig1+a; = " ifand only if 7 < 1,50 77 < 14+ M = 7! = 7o+l
and 77! > 14+ M = 7' =1+ q,;. For t € 0,1+ M], define

h(t,z(.),v, 7!, 724, w) =g ft = ai, 2(t), v, 71, 7o, ) L, s () +
Zzﬁo g(Tz’+17 Z(THI)’ i+ 1)1(7i+1,ri+1+Mz‘+1} (t>/Mi+1‘

Let o' = (71,72 .....) and let v(¢,7', 7%, ...) take values in U, be nonantic-

ipating and simultaneously measurable on each set [0,1 + M| x Q Qf =
{(r1,72,..) : 771 > 1 4+ M}. (The set of such controls is denoted U”.) The
probability measure of the w'’s is denoted P’, it is generated by P, (the den-
sity @/ (71, ..., 7%) of (71,...,7%) generated by ji(7,...,7;)). Let, for any given
v(t,w'), 2 (t,w') == 2(t,u), for t € 0,1+ M], be the solution - continuous
int - of

Z(t’ w/) — h(t, Z(), U(t, w/)’w/) (51)
Define, for s € [0, 1], 2(s,w) = 322 2(s + ai, ') Lzipar, 741 (s + a;), and

u(s,w) = 2o v(s + ag, W)L pisar iy (s + a;) (52),

Now, z(t,w’) satisfies 2(t,w') = f(t — a;, 2(t, ), v(t,w’), 71, T2, ...) for t €
(78 + My, #F. If 771 < 1+ M, then z(7i1—,w) — z(1i+,w) =

(7L — 2(7 + My, W) = f;i&l flt—a;, z(t,),v(t,w),w)dt =

ST f(s, 2(s + g, o), 0(s + a5, ), w)ds = [T f(s,2(s,w), u(s,w), w)ds.
Similarly, for ¢ € [1;, Tiq1], Tip1 < 1, f:/ f(s,z(s,w), u(s,w),w)ds = z(t',w) —
z(1+,w). Also, for 7,41 > 1> 7, fort € (1;,1) (= t+a; € (7' + M;, 7)) =
(T"4+ M, 7'+ M;+1—7)), 2(t,w) —z(r+,w) = z(t+a;, W) —2(T"+ M;, ') =

S o = ai,2(p,w), v(p, o), w)dp = [T f(s,2(5,w), u(s, w), w)ds.
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Moreover, for 7;,1 < 1,

x(Tf{1+,w) —2(Tip1—,w) = 2(77 + My, w0') — 2(7 W) =
f7-7;+1 +Mi+1(1/Mi+1)g(Ti+17 Z(Ti+17 w/)a L+ ]-) =
g(Ti+17 Z(TZJFI’ w/)>i + 1) = g(Ti-i-la :L‘<Ti+1_7 w)7i + 1)'

Hence, (z(.,w), u(.,w)) satisfies (1) and (47). Symmetrically, if (z(.,.),u(.,.))
satisfies (1) and (47), there is a pair (z(.,.),v(.,.)) satisfying (51), (u(.,w)
and v( w') again related as in (52)). For ¢t € [0,1 + M], define uj}(t,w') by
uwi(t, 7', 7%, ..) = u*(t — a;, 71, T2, ...) for t in (70 4+ M;, 77, u}(.,.) arbitrary
elsewhere and let 7 (.,.) be the solution of (51), for v(.,.) = uj(.,.).

Now, (51) is a retarded differential equation. So let us instead consider
the following ordinary differential equation system:

ho(t yO( )>U< 7w,)7w/) - h(t yO() (tvw,)vw/)l[o,fl](tLyO(O) = 07

yz = h; (t yO( )a Y
hit, ZO<J<Z 1 95()
h(t, ZO<]<1 yi(),v
y;(0) = 0,7 > 0. (53)

(The system does become non-retarded, as y; is constant on (#7711 + M].)
Write Yy = (yanb )7 |y| = Zz Iyz| and

= (90,91, ...) = F(t,y,v(t,0'),w"), where F(t,y,v,w') =
(ho(taymvaw/)?hl(t>y07ylavvw/)vh’Q(tvyanby%va/)?"')' (54)

Let y*(t,w) be the solution of (54) corresponding to uj(.,.). and let II(y) =
> ¥i- Then, if y(¢,w") is a solution of (54), Ily(t,w’) is a solution of (51). Ev-
idently, for the pair (y*(.,.),u;(.,.)), the system defined by F' satisfies all con-
ditions in Remark 2, for 7 replaced by «ll, a replaced by ITI*a, T' = 1 replaced
by T'= 1+ M, M replaced by max{1, M’}, and for M (t,w) and M’(t,w) re-
placed by Mp(t,w) and M (t,w), respectively, where Mp(t,w) and M. (t,w)
are defined as follows: Let Mp(t,w) := Y, M(t — a;,w)1;iqay 7i41)(t) and
M; (t w) = ZjOO{M/< a’Hw)l(T t+M; 7'“’1]( ) + 1(Ti+1,Ti+1+Mi+1]<t>}' Then
EfHM Mp(t,w)dt = Efo (t,w)dt and essupf0 Ml’;(t,w)dt =

essupf0 M'(s,w)ds + > M; < co.

Hence, (33) - (37) are satisfied by the system defined by the F' of (54),
for T'= 1 replaced by 1+ M, = replaced by 7ll, a replaced by IT*a, z*(.,w)
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replaced by y"(.,w’), and ¢" replaced by ¢}, the linear perturbation pertain-
ing to the system F', u,u’,u”, 4 are then renamed v, v’,v”, 0, they belong to
the set Uy corresponding to UX.

Now, gy (1 + M,w') = ¢¢(1 + M,uw'), where ¢?(0,w') = 0, and

qg(tv w/) - Z;ﬁo{fm (t - aj? x;kz (t7 w’), u;kz(t7 w’), w)l(Ti-l—Mi,i'iH} (t')qz<t> w/)+
(1/Mit1)go(Tir, @i (T, 0", + D)1 i i ar, (8¢ (77, W)}
+h(t,zp (., W), v(t, W), W) — h(t,z; (., ), u) (t,'), ). (55)

Define the piecewise continuous function ¢ — ¢“(t,w) by ¢“(t,w) =

W)t [t 2" (t,w), u(t, w), w) = f(E, 27 (1, w), u* (t,w), W),

fa(t 2 (t,w), u*(t, w), w)q" (¢, );
:g(TH ( - W 7ZQ(Z )

¢"(0,w) =0, ¢"(7i+, w)

As for the nonlinear system (51), so also for the linear system (55) there
is a one to one correspondence between solutions ¢¥(.,w’) and ¢“(.,w), where
again u(.,) and v(.,.) are related as in (52). Hence, for u(.,) and v(.,.) thus
related, z%(1,w) = Hy"(1+ M,o’), ¢“(1,w) = [lgk(1 4+ M, '), where x"(t,w)
satisfies (1) and (47). Thus even the jumping system (1),(47) satisfies (33)-
(37), and continuity of u(.,.) — (Fa-x"(1,.), 72"(1,.)) continues to hold. As
(4) holds, Theorem B in Appendix again applies. Thus, for some Ay > 0, v,
v bounded on By, (Ag,v|g,) # 0, for all u(.,.) € UX, (¢*(1,.),v.) <0, where
v, = m'v + NoE(.,a). For C(t,s,.) as defined in Theorem 2, from the last
inequality, then (5) follows.

The inequality (¢“(1,.), ) < 0 means that (¢"(1+ M,.),v.) <0, or

( 01+M C.(1+M,s,.)(h(s,z5(s,.),u(s,,.),.)—h(s,x5(s,.),ui(s,.),.))ds,v.) <
0, where C,(.,.,.) is the resolvent of equation (55). Let p.(s,.) = C,(1 +
M,s, . )v,. If, for t <1, C(1,t,.)*v|e, is absolutely continuous with respect
to P, then the Radon-Nikodym derivative pi(¢,w’), (here for the moment a
row vector), satisfies, for a.e. s € (7% + My, 71 N (1,1 + M), pi(s,0') =

—pi(s, ) fa(s — ag, @5 (s5,0), uj, (s, W), W) Lk gy 7] () — PE(s+, W™, s) =
—pi(5,W") fu(s — as, 75 (s,w"), up (8, W), W)k pag, 7i+11(5) —
pi(s 4+ M1+, 0™, 8) (I + gu(s, 2" (s,w'),i + 1)),

the last equality having the following explanation: Evidently, C,(7%+ M, 7%, ') =

[+f;k+Mk<1/Mk)g:L‘<Tk7 $Z<7k_7w,)a k)CZ(Tk7 Tka w,)dp = I+gl‘<7—k7 x*(Tk_a w)a k)
Let t' € (7% + My, 14+ M). Multiplying by C. (¢, 7%+ My, .) gives C, (¢, 7%, .) =
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C.(t', 7%+ My, V(I +gu (13, v} (TF—, "), k’) Now, recall from part A. that there

p* (14, w") equals E[C(t, 7, w) Y w] p(w') = f:o E[C(t, 1, w) Y w', 71| (W’ g1 )dTiss

Applying the corresponding formula for p,(7%+, w’*) on both sides of the next
to last equality yields pi (754, w*) = (I+g. (7%, 25 (77), k) pi (78 + M+, w'™),
(i (7% |w'*) vanishes on (7%, 7% + M,)).

Define p*(s',w*) = p*(s’ + ay,w™) when s € (7, min{1,74,,}). Then, for
s’ +ap = Sap*<3/+7wk7 S,) = pZ(S, + ak+1+7w/k7 S) = p;(s + Mk+1+aw/k7 S)'
Hence, the equation for p%(.,.) yields (50).

Remark 8. The conclusion of Theorem 2 also holds for the following
modifications of the assumptions. Assume that # = #’my as in Remark
3, that f satisfies the conditions in Remark 3 for M,.(.,.) as defined below,
that g and g, are continuous, that 7'g(t, (2/,2"),7) does not depend on z”,
and that for any ¢ > 0, for some §, |z — &| < §,z,2 € B(z*(t,w),d) =
|7’ G (t, x,0) — 7' g (t, Z,4)| < e for all t,4,w. Moreover, for some numbers M;
and M, |7'(Go (t,2',i) — I)| < M; for all (t,2') € J x B(n'z*(t,w),d) for all
w, S M; < oo, |7"(§u(t, i) —I)| < M for all (t,2) € J x B(x'z*(t,w),d) x
B(w72* (t,w), M. (t,w) for all w, and E[(1. DL+ [, MLt w) 432 o M)}
00, (p as in Remark 3), where ¢(¢,w) is the piecewise continuous solution of
cb max{M'(t,w), M{(t,w)}¢(t), $(0) = 1, ¢(7;+) — ¢(7;—) = max{M;, M}
and M., (t,w) = ¢(T,w) [, max{M(t,w), M,(t,w)}dt. Finally,
E[fOT |f(t 2 (tw), u*(t,w),w)|dt+ > 19(ri, 2% (1i—, w), 1) — 2% (1i—, w)[] <

Q.

The proof is a simple modification of the above proof of Theorem 2. On
the rewritten system the same arguments as used in case of Remark 3 will
work.

Remark 9 Frequently, 7 is a projection, and let us consider this case. Often
for an admissible solution (and then even more for an optimal solution) to
exist, we must have mg = 0. When |f‘| < K for all (¢, z,u,w), we cannot
have true jumps in a component z* of  on which there is a terminal bound of
the form z(T,.) = &' a.s. Jumps can occur arbitrarily close to T, and z*(t)
cannot then be steered a.s. to #‘. The situation may be different if f* can
be chosen arbitrarily large or small by suitable choices of u. Note also that,
sometimes, the body condition may be more difficult to obtain if g # 0.

Let us now turn back to the general system (1).
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Modification of the general set-up

Remark 10 Assume the conditions in Remark 3. Let r be a continu-
ously differentiable map from Y into a Banach space V. Assume that the
derivative of r is uniformly bounded and uniformly continuous. Replace (3)
by r(mx) = 0 a.s. and assume, instead of (4), that for some y" (t,w) €
Loo(J <, V), 4V (.,.) progressively measurable, and for some K* > 0, > 0,
with BY :={ [, v(.,,.)dt 1 v(.,.) € Leo(J X Q,V) : v progressively measurable
,|v(., )]s < a}, the inclusion [, y" (t,w)dt + BY C

cof{ry(ma*(T,.)) [,mC(T..t, )(f(t,x*(t,.), ult.,.), )= f(t,z*(t,.),u*(t,.)))dt :
u(.,.) € UX"} holds. Then, for some Ag > 0, some linear functional v+ on
Loo(Q,®,V), bounded on B, (Ag,v"|gy) # 0, the inequality (57) below
holds for v, replaced by 7*(r,(mz*(T,.))*v" + AgE(., a).

Proof: Extend the control interval to [0,7" + 1]. Let an auxiliary state y
be governed by y = r(mz) on (I,7 + 1], y = 0 on [0,T]. With f = 0 on
(T, T + 1], x is governed by @ = f, z(0) = xy, moreover y(0) =0, (T +1,.)
is free, y(T'+ 1,.) = 0 a.s.. Then r(mz(T,.)) = y(T + 1,.), so applying the
above results to this system yields the results in this remark.

Remark 11 Let Y be a Banach space, let 7, be a bounded linear map

from X’ into Y, and write # = m,7’. To the terminal condition (3) (i.e.

mx(T,.) = § a.s.), add the condition :

7x(T,.) € W a.s., W a fixed closed convex body in Y. (56)

Assume the conditions in Remark 3. Then, for some Ag > 0, some v as before,
some U € Loo(Q,®,Y)* (Ao, v|B,, V) # 0, for v, = 7m*v + 70 + A E(., a),
for all u(.,.) € UK, (K any given positive number),

([, C(T ) (f(t 2t ), ult, ), ) — Flt 2t ) ur(E ), ))dt, va) < 0. (57)

Moreover,
(w(.) —72*(T,.),v) >0, for all w(.) € W=
{w(w) € Loo(2,2,Y) : w(w) € W as.} (58)

If, for t < T, C(T,t,.)" (m*v + 7T*D)|s, is absolutely continuous with respect
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to P, then in the cases A and B in the Applications, the adjoint equations
(40) and (50), respectively, hold. Moreover, the maximum condition (41) is
satisfied. Finally, the end condition (44) on p*(.,w") holds as before, provided
v, is replaced by .

Proof: Let T =1, K > max{1, K*}, and W’ = (W — 72*(1,.))NclB(0,1) C
Loo(Q,®,Y). Then W' is a closed bounded convex body. The condition
7x(l,.) —wz*(1,.) —w(.) = 0 a.s. for some w(.) € W' implies (56). We now
apply Theorem B, to the system y(a) = (2“(.,.), 72*(1,.) — 7z*(1,.) —w(.)),
yt(a) = (¢*(.,.),7¢"(1,.) —w()), a = (u(.,.),w()) € A = UK x W',
furnished with the product metric of o/K and |.|. The functions y(a)
and y*(a) take values in ¥ = Loo(J x Q,X) X Loo(Q, ®,Y), moreover,
Z = L® X Lyo(Q,®,Y), Z = Loo(Q,®,X), for ¢ = (¢,¢) € Y, 7)) =
(m [, pdt, @), w(p) = [, ¢dt, z* = E(.,a),z = (£,0), a constant function in
L™ X Loo(Q, ®,Y). By (14) (applied to 2’ — 7' f, such that z, ¢ are replaced
by 7'z, 7'q), (33), and (34), (B) is satisfied, by (27) (applied to 7’q instead
of q), (35), and (36), and convexity of W’  (A) and (C) are satisfied. Finally,
cliyt(A) is a convex body, by Lemma 11.2 in Seierstad (1975), (4) and the
fact that W’ is a convex body in L (€2, @,f/). Hence, Theorem B applies
and (57) and (58) follow from the conclusion in Theorem B.

Remark 12 Suppose, for simplicity, that X is a Euclidean space, that
7w and 7 are projections, that W = {y € Y 1y > ¢ for all i} for given
numbers ¢, and that the Simple Global Assumptions are satisfied. Assume
that (z*(.,.),u*(.,.)) satisfies the necessary conditions (57) and (58) of Re-
mark 11, with U’ = U¥, for some v, and Ay = 1. Assume, finally, that the
function

AGa(, )= s /CTt Cult ), ),

L) eU’

is concave in z(.,.) € A =

{z(.,.) r z(t,w) = o + fo (t,w)dt for some y(.,.) € LP°9(J x , X)}, and
is bounded from above by a fixed constant on a |.|* X |.|-neighborhood of
z*(.,.) in A. Then u*(.,.) is optimal in UX .

A proof is presented in Seierstad (1991). (Provided also ¢ satisfies the as-
sumptions subsequent to (47), and the conditions |§(t, z,i) — I| < M, for all
(t,x), and z(.) = (h(x(.,.),w), Vi) is concave for z(.,.) € A, and is bounded
from above by a fixed constant on a |.|* X |.|-neighborhood of z*(.,.) in
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A, where h(z(.,.),w) = > i o C(T,73,w)§(7i, ©(7i—, w), ), then the suf-
ficiency result above also holds in the case of piecewise continuous systems,
C(.,.,.) now defined by (48),(49).)

Let us now consider the following example of a (jumping) piecewise deter-
ministic system.

Example 2. maxE{fO3(3 — $)(1 — w)ds}, subject to dx/dt = u € [0,1],
z(0) = 0, (3) > 1 with probability 1. There is a probability with in-
tensity A > 0 that a single downwards jump occurs with size 7/3, i.e.,
x(t+) — z(t—) = —71/3, (thus 7 is exponentially distributed with inten-
sity A > 0) .

Solution. An auxiliary state variable y is used to rewrite the system. Let
y(0) = 0,9 = (3 — s)(1 — u), and let us maximize Fy(3). The adjoint vari-
able corresponding to x is denoted ¢* and the one corresponding to y equals
Ao =1, (Ag = 0 is considered later on). The pointwise maximum condition
(43) gives, in a shorthand notation,

"+t —3](u—u*) <0 (59)

After a jump at time 7, the solution is u*(¢;7) = 0 if z*(7+,7) > 1, and
if *(74,7) < 1, u*(t;7) = 0 for t < a*(7+4,7) + 2, while u*(¢;7) = 1 for
t > x*(7+,7) + 2. To show the latter assertion, note first that ¢*(¢;7) is
independent of ¢, so we write it g.(7). Evidently u = 0 to begin with, here
3 —1t > q.(7), (if at all), and u = 1 at the end. Let o := o(7) be the point
at which we switch from 0 to 1, o € [r,3]. Then z*(t;7) = a*(7+, 1) for
t € (r,0), *(t;7) = a*(1+,7) +t — o, for t > o, with ¢ determined by
z*(3;7) =1, le. a*(7+,7)+3—0 =10r 0 = a*(7+,7) + 2. At s = 0,
if o € (7,3), by the pointwise maximum condition (59), 3 — o = g, so
¢(t) =1 —z*(t+,7). Thus, z*(t,7) = max{z*(7+,7),t — 2} (also if o = 3,
Le. x*(t+,7) > 1,0or o =7, 1€ z*(7+,7) =7 — 2).

Let us find the control function before a jump 7, written simply «*(¢), (simi-
larly we also write z*(t), ¢*(t)). We must have z*(3) > 2, a jump downwards
can occur arbitrarily close to 3, its size being roughly 1. We guess that
x*(3) = 2, (or perhaps a glance at the original problem tells us that this
must be so). From (59) it is obtained that w = 0 when 3 — ¢ > ¢*(¢), while
u=1when 3 —t < ¢*(¢).
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Now, the lowest path possible is z*(t) = max{0,¢ — 1}, (which below will
be shown to be the optimal one). Even for this path (and so for any path),
if a jump down of size 7/3 occurs, to some value z*(7+4,7), 7 < 3, then
2*(t+,7) > max{0,7 — 1} —7/3 > 7 — 2, so ¢ must be > 7. Thus,
dg*/dt = Ag*(t) — A\g*(t+.,t) = A\g* — X+ A(a*(t) — t/3), (¢*(t+.,t) = 1 —
r*(t+,t) = 1 — (z*(t) — t/3),t < 3). Let us prove that ¢*(1) = 2: Consider
first the possibility ¢*(1) > 2. Then, ¢*(t) = M(¢*t) + 2*(t) — 1 —t/3) >
Mg (t)+(t—=1)—1—=1t/3) = AMqg* — 2 + 2t/3), which is > 0 for ¢t > 0,
if ¢*(t) > 2. So if ¢*(1) > 2, ¢*(t) increases when ¢ increases, all the way
tot = 3. Now, ¢*(1) > 2 means that « = 1 on an interval greater than
[1,3], which gives u = 1 here and x*(3) > 2, a contradiction. On the other
hand, on (0, 1), the above inequality for ¢*(¢) gives that if ¢*(1) < 2, then
q*(t) stays below 2 when t decreases, (if ¢*(¢) moves close to 2, then it gets
a positive derivative, and moves away from 2). Moreover, if ¢*(1) = 2, then
q*(t) < 2, for t < 2, close to 2, and stays below 2 when ¢ decreases. Now,
¢*(1) < 2 means that u = 0 in an interval somewhat larger than [0,1], making
it impossible to obtain z*(3) = 2. Hence, ¢*(1) = 2.

Let us sum up what we have obtained: Before a jump, u = 0 before
t =1, and u = 1 afterwards. The state z*(t) equals max{0,¢ — 1} before
a jump, so just after a jump z*(7+,7) = max{0,7 — 1} — 7/3. After a
jump at 7, u = 0 until ¢ = 0 = 2 + max{0,7 — 1} — 7/3 > 7 is reached,
from then on u = 1 is used. Moreover, z*(3,7) = 1, and ¢*(3,7) > 0 for
7 < 3. If a jump does not occur, z*(3) = 2 > 1. Now, as (59), i.e (41)
holds, then (5) follows, once (46) is proved to hold for v, replaced by v,.:
Let u*(t,7) be any bounded nonanticipating function. Then (45) reduces
to [ [2(3 — s)(u*(s,7) — @*(s,7))dsAe Ndr + ([0 (s,.) — u*(s,.)ds, D).
When b 1 3, both terms become equal to zero, the second term, since 7 is
continuous in |.|o - norm. Sufficient conditions, Remark 11, give optimality.
Note that the solution in the problem is the same for all A > 0.

Though we don’t need the complete specification of 7, let us nevertheless
write it down: By (58), # is nonnegative, and 7((3,00)) (= 7(1(3,00))(7)) = 0,
because, using (58), for 7 € (3,00),2*(3) = 2*(3,7) = 2 > 1, so choosing w(.)
equal to 1(30)(7)+2*(3,7) and to 2*(3,7) — 1(3,00)(7), gives 7(1(3,00)) (7)) < 0,
(—=1(3,00)) (7)) < 0. Now, by (44), used for i = 1, in (0,3), ¥ is given by a
density, namely

ltiglq*@ﬂ') = q*(3,’r) = C]*(T) =1 max{O,T _ 1} . 7_/3‘
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Next, in (1, 3), before any jump, ¢*(t) = Ag*—A+A(t—1—t/3), with ¢*(1) = 2,
this implies ¢*(t) = 2 + (2/3 + 2/3\)e*=D — 2¢/3 — 2/3\ > 0. Then, using
(44) for i = 0, gives 0 < ¢*(3)e™® = limyz ¢*(t)e™™ = limpz 0((t,0)) =
limy3 2((¢,3]). As a bounded linear functional on L..-space, 7 vanishes on
P—null sets (here then also on Lebesgue null sets). Still, informally speaking,
(or considering a representation of © restricted to the space of functions con-
tinuous near 3), we may say that © has an atom at 7 = 3. This corresponds
to the fact that lim, s2*(3,7) = 1.

When using sufficient conditions, it is not necessary to prove Ay # 0, and
the absolute continuity of © on [0, s], s a given point < 3. Both properties,
however follow easily from (5), i.e.

</0 (u(s,.) —u*(s,.))ds, ) < AOE[/O (3 —s)(u(s,.) —u*(s,.))ds]. (60)

as we shall see. First, let us show that Ay # 0. For the moment, we
know nothing about u*(.,.), x*(.,.), except of course that x*(.,.) has to sat-
isfy the conditions z*(3,7) > 1. Assume that Ag = 0, and let A := {7 :
[Ju(t,7)dt > 2.5}, Then, as., 2°(3,7) > 1.5, so, by (58), (A) =
and V(EA) # 0. Inserting u = 1 1in (60), we get (lga(7)(3 — 2.5),7)
(1ga(T fo (1—u*(t, 7))dt, D) <f03(1—u*(t,7'))dt, ) < 0, which gives 7(CA)
0, a contradiction.

So Ag = 1. Next, let s € [0,3). Choose b € (0,1), b so small that
(3 — 3b— s) = 3k > 0. Let D : {r : 2*(3,7) > 1+ b}. By (58),
v(D) = 0. Moreover, for any r € [0,3), for 7 € (r,3), T close to 3,
x*(r, T)+3—7’—a: (r,7) —i—f dt > z*(r,7) —i—f *(t,7)dt > 2, (otherwise
1 cannot be reached at t = 3, as a jump down of size roughly 1 can occur).
By non-anticipation, from these inequalities it follows that for all 7 € (r, 3),
r—1<a*(r,7) = OT u*(t,7)dt. Let r 1 7. Then the last inequality also holds
forr =7—. If 7 ¢ D, 7 € (0,3), then 2*(3,7) < 1+b, 80 2+b—7 = 1+b—(7—
1) > a*(3,7)—a*(r—,7) = [u*(t,7)dt—7/3, and [>u*(t, 7)dt < 24+b—27/3.
Thus, for 7 ¢ D, 7 < s, ff(l —u*(t,7)dt >3 —7—[2+b—27/3] =
1—-b—17/3 >k > 0. Now, let H be a measurable set in [0,s]. Then,
Flu(7),0) = k(lu()lep(7),9) < (La(1)lep(r) [7(1 = w*(t,7))dt,0) <
(7)) [2(1 —w(t,7))dt, 0y < E[Lg (1) [2(3 — t)(1 — w*(t,7))dt]. Note that
11(7)1(7,3(t) is nonanticipating, so the last inequality follows from (60). This
sequence of inequalities gives the absolute continuity property of ».

0
<

Let us consider for a moment a problem where the state is a scalar, and
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where there is an inequality restriction of the form z(7T,w) > & a.s., and
where a maximum number N of jumps can occur, all with nonzero proba-
bilities in all intervals, and where the jumps have equal and constant size
c. Moreover, assume |f| < K for all (t,z,w). Then if ¢ is positive, for any
given number 5 < N of jumps having occurred at a certain time ¢, so long
as no further jumps occurs, it suffices to steer the state in such a manner
that z(T,w’) > #: If (T,w’) > & then if one or more jumps occur in
(T — ¢/2K,T], we automatically have z(T, 7y, ...,7%) > Z. (For one jump,
for 741 € (T — ¢/2K] : 2(1j11—,w?) > & — ¢/2, 2(Tj41+,w!) > & + ¢/2 and
(T ,w?) > & +¢/2 —c/2 > &.) If c is negative, we have to steer the state
in such a manner that the even the most demanding terminal restriction in
this case is satisfied, namely z(T,w’) > & — (N — j)c, (as many as N — j
downwards jumps can occur arbitrarily close to 7).

For a general jump function ¢, in case j jumps have occurred before T,
one has to steer the state in such a manner that =(T, 7, ..., 7;) > 4,

9T, x(Tymy,...om;)) > &, g(T, (T, (T, 71, ..., 7)) > Z,...

(gN=INT, (T, 71, ...,7;)) > ¥ are all satisfied, g =9)(T,
position of z — ¢(T',z), N — j times).

.) meaning the com-

Remark 13 Consider the problem of Remark 11. Let Y be a Euclidean
space, and let © be a bounded linear map from L(€, ®, X) into Y. To
the terminal conditions in Remark 11, add yet another terminal condition,
namely 7z (T, .) = ¥, where § is a fixed point in Y. Then (58) and (57) hold,
(57) for v replaced by 7*v + 77 + 70 + AgE(.,a), where v € Y* =Y,
Ao >0, (Ao, v|B,,v,v) #0.

The proof of this condition (for T'= 1) in the case where C' :=

cleo{(mq*(1,.), 7q"*(1,.) — w(.), 7q"(1,.)) : u € U*,w(.) € W'} is a convex
body in L® x L (Q,®,Y) x Y is closely parallel to the proof of Remark 11:
Just add the components 72*%(1,.)) and 7¢"(1,.)) to the components of y(a)
and y*(a) as defined in Remark 11. Now, it is easily seen that C is either a
convex body or contained in a closed hyperplane, (if necessary, see Seierstad
(1975), Remark 11.1), and in the latter case the existence of (Ag,v,7,7),

(Ao, v|B,,U,v) # 0 is trivial.

Of course, the terminal conditions introduced here encompasse, when X is
Euclidean, terminal conditions of the ”soft” type: Ez'(T,.) = z'.
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Appendix.

Gronwall’s lemma Assume that h(t,z) is measurable in ¢, and Lipschitz
continuous in z € X with constant M(¢). Let y( ) and Z(t ) be two contin—
uous functions such that ]gj( ) — 2(0)] = ¢, |y(t) fo s))ds| <

(). |£(t)~2(0)— i h(s. 2(s))ds] < 3(t). Then (1)~ (Mébwm@(@H
mgw% o

For example, if |fx( | < M(t), and |f(0)] < a(t), then for 2(.) = 0,7(.)
the solution z(.) of & = f(t,z),z(0) = o, it follows that |z(t)] < (|zo| +
KM@wwHWﬁs

Theorem A. (Seierstad (1970). Let Y be a normed space, and let A be
a complete pseudometric space with metric 0(.,.). There are given num-
bers M’ > 0,& > 0, dy € (0,1] and elements @ € A and p € Y. Let
Ag={ac A:0(a,a) < M'd}. Let y(.) : A=Y and y*(.) : A = Y be given
functions with y*(a) = 0, and y(.) continuous. Assume M’ > sup,.; 9(a, a).
Assume furthermore, for all d € (0,1],e > 0,a",a € Ay ke [0, 1], that there
exists an element a’ € A, such that

|kyT (@) + (1 —k)yT(a) —yT(d)| <e, d(a,a’) < 2M'kd. (A)

Moreover, let é(d) > 0 be a given error function, (i.e. here an extended
real-valued function on (0, 00) such that limg ¢é(d) = 0), and assume that

for all d € (0, dy),

ly(a) = y* (@) = (y(a) — y™(@)| < &(d)d(d’,a) for all a,a’ € Ay, (B)

dy*(4) C cly*(Ay). (©)
Finally, assume that

B(p, 2¢) C cly*(A). (D)
Then, for some d’ € (0, do], B(dp, dé) + y(a) C y(A) for all d € (0, d.
Theorem B. Let Y be a normed space, and let A be a complete pseu-
dometric space with metric J(.,.). There are given numbers M' > 0,dy €

(0,1] and an element @ € A. Define Ay = {a € A : a(a a) < M’d} Let
y(): A=Y and y™(.) : A — Y be given functions with y* (@) = 0. Assume
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M' > sup,. ;0(a,a). Let Z and 7 be Banach spaces, # a linear map from Y
into Z, i a linear map from Y into Z. Assume that cliy™(A) is a convex body.
Assume also that a is optimal in the problem max,  ;(7y(a), Z*) , subject to
#y(a) = 2/, where 2’ € Z,2* € Z* are fixed. Assume that (A)-(C) in Theorem
A are satisfied by y, y* replaced by (7y(a), (7y(a), 2*)),(7y™ (a), {7yt (a), 2*))
with a — (7y(a), (7y(a), 2*)) continuous. Then, for some Ay > 0,2* €
Z*, (Mo, 2*) # 0, Ao(7yT(a), 2*) + (RyT(a), 2*) <0 for all a € A.

Proof Note that in Theorem A, by continuity of y(.), (B), and (C), in fact
yT(A) is bounded. It is easily seen that C' :=cl{(7y* (a), (7y*(a), 2*) + ) :
a€ A,y e [-4M" 0]} is a convex body, M” = max,ea |[(7y*(a), 2*)|, (if nec-
essary use Lemma 11.2 in Seierstad (1975)). Let (a,7), (a,0), A x [-4M", 0],
(7y(a), (y(a), 2 )+7), (Fy" (a), (Fy* (a), ) +7), max{O(da’, a"), M 4"y~
7’|}, play the roles of a,a, A,y(a),y"(a),0(a’,a”) in Theorem A. Then, for
no a > 0 can (0, «) be interior in C, for if so, d'(0, o) + (7y(a), (7y(a), 2*)) €
(ry(a), (fy(a), Z2*) +v:a € A~ e [—4M" 0]}, contradicting optimality. As
intC' and {0} x (0, 00) are disjoint, they are separated by a nonzero contin-
uous linear functional represented by (Ag, z*), which yields the conclusion in
the Theorem.

Theorem C. UX is complete in o.

Proof: First g-completeness is shown: Let w,(.,.) be a Cauchy-sequence
in 6. Choose a subsequence u,; such that essup / ;1 o um dt < 1/27.
Let B; = UjZiHunjaunj+1' Then, for any ¢, for k > i, as., u,, # Uy,
only for (t,w) € B;. Define u = u,,, for (t,w) € C;N Bi_1, i = 1,2,...,,
= CB;, Cy = 0. Evidently, essup [, 1p,dt <> ... [ L dt < 1/20-1,
Then 5 (u,u,,) < 1/271 which suffices to conclude that O'(u, un) — 0 when
n — oo. Next, let u, be a Cauchy-sequence in o*. Let u(.) be the &-limit
of u,. For each ¢, for k,n > some N, € > o*(ug, u,) > 276 (w17, unly,).
Letting n — oo gives € > 27715 (w1, ,ulI) for all 4, hence o*(ug,u) — 0,
when £ — oo. Furthermore, given any € > 0, for some N, for k,n > N,
€ > o(up,uy) = essupf;, M(t,w)ly, , dt. Now, as., by dominated con-
vergence, lim, [, M(t,w)ly, ., dt = [, M(t,w)lg, ,dt, so also, as., € >
[, M(t,w)y, ,dt,k > N. (Finally, in case of Remark 3, o.(u,u,) — 0,
because by Lebesgue s dominated convergence theorem, both
/; max{M(t,w), M, (t,w)}lp,, dt — 0 as. and
| [, max{M(t,w), M.(t,w)}4,, dtlsq —0.)
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