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Railway Station:

Telephone
Telegrams} HARPENDEN 21. HARPENDEN (L.M.S.)

ROTHAMSTED EXPERIMENTAL STATION,
HARPENDEN, HERTS.

Director :
SIR JOHN RUSSELL, D.Sc., F.R.S.

STATISTICAL DEPT.
R. A. FISHER, Sc.D., F.R.S.
J. WISHART, D.Sc.

J. 0. IRWIN, M.A., M.ScC.
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DEPARTMENT OF MATHEMATICS

Stanrorp U

NIVERSITY, CALIFORNIA
- February 12, 1931.

Professor Ragnar Frisch,
Yale University,
New Haven, Connecticut.

Your opinion on a guestion of terminology I should wvalue
very highly, The funetions which Thiele, in hie English "Theory of
Observations” called "half-invariants," have been ezlled "semi-ine

) variante® by most recent writers. However in the important book of
Whittaker and Robineon the less difficult word "seminvariante" ig
uged instead. ]

All these worde are open to severszl objections. They are
long and uneuphonious; the most frequently ueed of them, "semi-inva-
riants," is extraordinarily hard to pronounce; moreover its pronun-
ciation is ambiguoue., Turther, 1ts use has been pre-empted in other
portione of mathematics, I have known of casee of studénts in search
of information about these statistical functions working diligently
through "hite's book on cubic curves because the word semi-invariant
is used to describe properties of these curves. In fact, its use in
pure algebra and geometry is likely to give rise to awkward interfer-
ence, None of the three names has yet found its way into the English
dietionaries with the definition in probability and statistics.

In spite of the strongz and natural conservatism in matters
of language, a shorter and esimpler new word seems in this case desir-
able. The number of people who are writing about these suantities is
et11l not too large to preclude the possibility of generszl agreement
on a better term, I venture to suggeet "cumulants"., This word indi-
cates an important property of the functions; it is smooth and unam=
biguous im pronunciation, and it represente a gain in brevity. To be
sure it was formerly used in a very few places to indicate the deter-
minants now always called continuants; the obsolete and insignificant
character of this usage is indicated by the treatment of tgﬁ word in
the d%gtionaries. To be specific, I propese to call the r cumulant
the »"“ derivative, when ¢ = 0, of

/@ f_@f"p(/:b‘).

The word "cumulant" in this sense is approved by R, A, Figher
and by C, C, Craig. %When I used it at & joint meeting of the American
Statietical Assoociation and the American Mathematiczl “Society at Cleve=

¥
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DEPARTMENT OF MATHEMATICS

STANFORD UNIVERSITY, CALIFORNIA

Professor Frisch 2.

land recently, the comments indicated favorable interest in the
word "cumulants." If it appears that there is a possibility of
its use becoming”general I shall introduce it in my treatise on
statistical theory. I should much appreciaste any remarks you
care to make on the merites of the word and on the poseibility of
ite general adontion.

Very sincerely yours,

Novld ol
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%/A_| American Association for the Advancement of Science
And Associated Societies

JOHN J. ABEL - - - - - PRESIDENT JOHN L. WIRT - - - - - TREASURER
CHARLES F. ROOS - PERMANENT SECRETARY BURTON E.LIVINGSTON - GENERAL SECRETARY

SUMMER MEETING, SYRACUSE, N. Y.
JUNE 20 TO 25, 1932 K

OFFICE OF THE SECRETARY OF SECTION.
WINTER MEETING, ATLANTIC CIT Y, N. J.
DECEMBER 27 TO 31, 1932

Columbia University, New York City
May 26, 1932
Dr. Ragnar Frisch
c/o Professor Irving Fisher
480 Prospect Street
New Haven, Conn.
Dear Dr. Frisch:
I am glad to learn that you are to be in this
country. At the request of Professor Fisher I have been arranging
for discussion of the papers to be presented at the joint meeting
of Section K and the Econometric Society at Syracuse. Your paper is
scheduled for 9:15 a. m. Wednesday, June 22. Dr. S. S. Wilks,
& very keen National Research Fellow in mathematical statistics,
has agreed to discuss your paper. Will you please send him, as much as
possible in advance of the meeting, a copy of your paper, Oor a synopsis
of your remarks? His address is 401 West 118th Street, Apartment 63,
New York City.
Looking forward to seeing you I am,

 td fotelley.

Harold Hotelling
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Columbia TUniversity
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FACULTY OF POLITICAL SCIENCE
June 2, 1933
Dear Dr. Frisch:
Thank you for your very kind letter of
May 19 regarding my paper on Edgeworth's taxation paradox and
the nature of demand and supoly functions. This paper has
been accepted for publication in the Journal of Political
¢! Eeonomy, though on account of its length there may be some
further delay.
I hope to see you if when in New York
you can find time to drop in at my office, 501A Fayerweather
Hall, and in any event at Syravuse.

Truly yours,

Nowsld A

Harold Hotelling.




Mr. Alfred Cowles, 3rd,

Mining Exchange Building,

Colorado Springs, Colo.

I shall be glad to have you include my name in the list of the Advisory

Editorial Boerd of the Econometric Society.

(Signed). E..'.. .. LA B A Y

[copy to Irving Figher
and Ragnar Frisch]

P.ir S. The pressure of reviewing books and articles is now so great that
I will not be able to review more than one or two papers a year at the
... most for Econometrica.

g tf i 1 ¥. o !
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Columbia University
tnthe Citpof et Pork

FACULTY OF POLITICAL SCIENCE

January 37, 1933
Dear Professor Frisch -

Thank you for your letter of the 13th.
I quite agree with you that standard errors in themselves
are not adequate measures of accuracy. This is varticularly
the case when, as is still done in many cases, the ratio of
a deviation to its standard error is treated as normally
distributed, and interoreted in terms of probability by
means of a table of the normal probability integral. For
this particular inadequacy, which for small samples may
lead to serious fallacies, the use of Student's distribution
with the correct number of degrees of freedom is a great
improvement. To be sure, even Student's distribution is derived
from the assumption of a normal distribution of the nopulation
sampled; but it seems from general considerations likely that
even for samples from non-normal populations S8tudent's distri-
bution gives very close approximati-ng for quite small samvnles.

Whether or not standard errors are used for
a particular ocuestions, it seems to me essential to have some
sort of interoretation of inferences drawn from statistical
data in terms of probability. This of course may be done in a
great variety of ways, apart from the use of standard errors,
e. g. by means of the chi test, the exact distribution of the
correlation coerfficient (whose standard error is highly mis-
leading), exact tests in periodogram analysis and the analysis
of variance, etc. Often rough tests, using the binomial distri-
bution, are suitable for finding whéther an excessive number of
deviations are of one sign, so as to disvrove the hypothesis
that the are egually likely. I believe that the inferences whic
are drawn by eye and by judgement, from graphs and from the
examination of data in detail, may quite generally be thrown
into these forms. Free-hand methods and graphs are valuable for
preliminary exploration, and for exhivition, but any valid con-
clusions to be drawn from them can also be obtained in a more
objective fashion, with a oroper use of the canons of statistic:
inference, which are also cavable of yielding conclusions not t«¢
be deduced from graphs by visual exaumination.

But the need of ultimate attention to intero:
tations in terms of probability need not at all stand in the wex
of getting iimediate firet estimates of things like ratios of
marginal utility. The critical examination by means of probabil:
is merely the necessary later steon.

¢

I congratulste vou on your excellent editing

of the first issue of Egonometrica, which recently rcached me.

With cordial good wishes, || e [ é‘iﬂieé:a%,’
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Columbia Universitp
mthe Citp of Aeto Park

FACULTY OF POLITICAL SCIENCE
March @, 1933

Professor Regnar Frisch
Storgaten ©
Oslo, Norway.

Dear Professor Frisch:

Thank you for your letter of Februsry 20th,
which just arrived, with enclosures.

The manuscrint of Ravmond Garver on "The
Edceworth Taxation Phenomenon" to which vou refer in your letter
ie not among the enclosures received. I suspect that it may by
mistake have been sent to Mr. Nelson, while material intended
for Mr. Nelson wias enclosed with the letter to me. Accordingly,
I am sending Mr. Nelson all the enclosures with vour letter,
which are the following:

Letter from vou addressed to Mr. Nelson.

Carbon copies of letters from you to Henry Schultz and J. Tinbergen.

Manuscripts by Edward Theiss and J. Tinbergen, stamped ECONOI'E"RICA
ACCEPTED FCR PUBLICATION.

I am having thies material registered.
Very sincerely yours,
EE?
Harold Hotelling
Copv of thnis letter to
Mr. Wm. F. C. Nelson

Cowles Commission for Economic Resesarch
Colorado Sorings, Colo.
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Columbia Aniversim

intheCitp ol RewPork

DEPARTMENT OF ECONOMICS
8 October 1037
Dear Professor Frigch:

Thank you for your letter of
21 Sentember; thank you aleo for the
two interesting renrinte you sent me.

The book on etatiestical theory
on which I have been working for several
vears will perhans be out in another vear
Or two. I have had several chanters of it
mimeogranhed for the use of studente in
the statietics cource which T conduct each
year. The supply of these is now exhausted,
but I exnect to get out a new editinn of
them sonon. If yon would like to have a
set of thege mimeographed sheets, I will be
slad to send vou one when the new sunnly isg
available.

With cordial zonog wisheg I am

Sincerely your friend,
No~oll. K '
P. 8. Mr. Sune Carlson, who ig here from
8+ockholm on a Rockefeller fellowshin andg
is studyving mathematical econ-mics and
statistics, vesterday snoke of hearin: von

with great interest when vou epoke at a
meeting at Stockholm.

-~

Ry
&w ham f’—/"“*’ Freod  Jed, Sl

Ly i
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Columbia niversitp
mthe City of Heta Park

FACULTY OF POLITICAL SCIENCE

February 11, 1934
Dear Professor Frisch:

Thank you for your kind letter of January 268. I shall
as you suggest keeo an eye out for good econometric napers.

The mimeographed material I am glad to present to vou
with my compliments. You may find material of interest to you
ir some of it. I should be glad to have any suggestions you may
care to make regarding it. Please disregard the numerical errors
in some of the examples, which I now have listed with the help
of students.

The Philadelphia meeting was a very good one, which
you would have enjoyed.

I am enclosing for the abstracts to be published in
Econometrica one dealing with my principal contribution since
January 1, 1933, the only other being a small note in Econometrica.
There are also reviews, but I do not think you will want to publish
abstracts of these. You may perhaps have seen the review which I
published in the last Journal of the American Statistical Associ-
ation of Secrist's book. I said it was rotten. This moved him to
write a letter to the editor, several times as long as the review,
with a demand that it be published in full. Té this I am wihtineg a
short reply, to which also he is replying. The point, I suppose,
is that all reviews should be favorable. But we will never get cood
work in our subject until there is really critical aonfraisal.

Most cordially yours,

qumwa

P. 8. I believe it a very good idea to run the abstracts as you
olan. But The system of designation by Roman numerals does not
seem to fit the abstract enclosed herewith.

P
1
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August 20, 1934,

Professor Ragnar Frisch,

301 Mining Exchange Building,
Colorado Springs,

Colorado,

My dear Professor Frisch:

I am sorry that I shall not
see you at all while you are in this
country. I am spending the summer at
Medlna, Washington, and do not expect
to return to New York before about
September 22,

I am glad my paper on the
"Demand Function Subject to a Limited
Budget" is to appear in Econometrica,
and hope it will come out as soon as
possible, since it bears on a great
deal of statistical work now being

done,

Cordielly yours,
HAROLD HOTELLING.
HH:8



WORK OF HAROLD HOTELLING RELATING TO MATHEMATICAL ECONOMICS
AND TO THE THEORY OF STATISTICS.

1. Ageneral mathematical theory of depreciation, J. Aumer.
Stat. Assn., vol. 30 (1925), pp. 340-353.

3. The distribution of correlation ratios calculatéd from
random data, Proc. Nat. Acad. Sci., vol. 11 (1925), pp. B57-882

3. An application of analysis situs to statistics, Bull.
Amer. Math. Soc., vol. 33 (1927), pp. 487-478.

4. Differential equations subject to error, and popula~
tion estimates, J. Amer. Stat. Assn., vol. 20 (1227), pp. 283-
314.

5. Bpaces of statistics and their metrization, Science, vol.
87 (Feb. 10, 1928), pp. 149-150.

6. The physical state of protovolasm (with L. G. ¥. Baas Becking
Henriette v. d. Sande Bakhuyzen), Verhandelingen der Konink-
lijke Akademie f£ van Wetenschaopen te Amsterdam, Afdeeling
Natuurkunde (Tweede sectie), vol. 85 (1928). Pp. 28-31, con-
taining a contributi n to the theory of statistics, by

Harold Hotelling.

7. Applicati ns of the theory of error to the interpretation
of trends. Proc. Amer. Stat. Assn., March, 1929, pp. 73-85.
(With Holbrook Working.)

8.

8. Btability in competition. Economic Journal, vol. 41 (1229),
pp. 41-57.

2. The consistency and ultimate distribution of optimum stat-
istics. Trans. Amer. Math. Soc. vol. 32 (1930), pp. 847-859.

10. Recent improvements in statistical inference, Proc. Amer.
Stat. Assn., March, 1931, pp. 79-89.

11. The economics of exhaustible resources, J. Pol. Econ.,
vol. 32 (April, 1931), pp. 137-175.

12. Causes of birth rate fluctuations. J. Amer. Stat. Asen.,
vol. 28 (1931), pp. 135-149. (With Floy Hotelling) .

REVIEWS

l. E. E. Day's "Stutistical Analysis," J. Amer. Stat. Assn.,
vol. 21 (1928), pp. 360-383.

2. L. I. Dublin's "Population Problems," J. Amer. Stat. Assn.,
vol. 21 (1928), pp. 503-505.
&
3« R. A. Fisher's "Statistical llethods for R
A esear ]
J. Amer. Stat. Assn., vol. 22 (1927), pp. 411—413?h i



)

REVIEWS ** continued.
4. Ditto. 2nd ed. Same journal, vol. 23 (1928), p. 348.
5. Ditto. 3rd ed. Same journal, vol. 25 (1230), p. 381.

€. W. P. Elderton's "Frequency Curves and Correlation," Bull.
Amer. M¥ath. Soc., vol. 34 (1938), pp. 515-518.

7. Cournot's "Mathematical Principles of **** Wealth," Amer.
Math. Monthly, vol. 35, (1928), pp. 439-440.

8. G. C. Evans' "Mathematical Introduction to Economics,"
Amer. Msth. Monthly (1931)

9. Ditto. J. Pol. Econ., vol. 32 (1931), op. 107-109.
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February 21, 1935.
My dear Frasch:

Your book on "Confluence Analysis" arrived today, and I
have already read a large part of it since receiving the volume.
Please accept my thanks, and slso my con%ratulations. It contains
a large number of valuable things. Your "tilling technique" seems
particularly ingenious.

In a footnote you exprecs some doubt as to the rapidity of
conve gence of my iterative procecs for determining principal
components in case two of the roots are nearly equal. You are
gquite right. If the characteristic root sought is only slightly
greater than another, a large number of repetitions of the
iteration will be required. However I am now working on a method
of accelerating the convergence which will very largely remove
this practical difficulty. This method, which has alresdy shown ite
efficacy in a number of examples, consiste in the first instance of
squaring the matrix of correlations, and r=calling thet the
characteristic roots of the squared matrix are the squares of those
of the original matrix, while the corresponding vectors have
proportional components. With the new matrix, each iteration is
exactly equivalent to two with the old. But the squared matrix
can itself be squered, and when this is done repeatedly, we can
have an iterative process converging a2t 4, 8, 16, 32 or 64 times
the original rate. Further improvements in the process are undoubt-
edly possible. For example, in getting the seccond and higher com-
ponents, it is not necessary to square repeatedly the reduced
matrix, but to get the desired power from the corresponding pvier
of the original matrix, using the algebra of matrices, and the
numerical arrangement of this we have made quite elegant.

I am looking forward to se=ing you in Colorado Springs this
summer at the anticipated meeting of the Econometric Society. 1
heve about decided to spend the summsr there.

With cordial good wishes, I remain

Sincerely yours,




Columbta Untversity
inthe Cipof AewPork

FACULTY OF POLITICAL SCIENCE

July 15, 1935
Profegsor Ragnar Frisch
University of Norway
Oslo, Norway

Iy dear Frisch:

I received today vour letter of June 27, and the manuscript
of Lerner and Singer which I am returning herewith. I agree both with
your observstion that the paper is excessively longz, =z2nd with Dr.
Zeuthen's remarks.

The paper consists chiefly of an elaboration of two points:
(1) If 2 seller can have a monopoly in a sufficiently extensive markei
he will choose this in preference to a similar market in which there
ijs competition; (2) Separate monopolistes in unrelated mcrkets do not
influence each others' exact locations. These propceitions would
seem too obvious to require the very extended demonstrations given,
especial .y as these demonstrations rest on a form of Jemand curve far
more special than is necessary. To assume that demand 1s independent
of price below a certain price, and is zero above that price, is to
introduce a p-culiar type of discontinuity and to specialize the
demand curve in a way that, instead of throwing new light on the mod-
jfication of competitive conditions resulting from elasticity of de-
mand, actually obscures the true state of affairs.

The menuscript is devoted l=zrgely to attacking the concluslon
contained in the paper on Stability in Competition (by Harold Hotell-
ing, Economic Journal, larch, 1929), that there is & tendsncy for
competitors to take up locations so close together as to csuse unnec-
esgary trsnsportstion, and otherwise to imitate each otl.=r more than
an adjustmnent to a social optimum would bring about. BEut the conclu-
gsion attocked is actually verified by the results of the authors'
calculations presented in their Figure 10. For n scurces of supply
with linearly and uniformly distributed demand, it 1s plzin that the
criterion of minimum transrvortation would require that the sources be
placed at the centers of n equal segments into which the wihole inter-
val is divided. Thic condition is not satisfied by any of the solutio
presented in Figure 10, save only that corresponding to mononoly.

In a preponderance of cases, location is determined once and

for all, permanently, or for so long & period at least that it can be
regarded as fixed during the process of determining selling prices.

An entrepreneur in decidineg upon - ig loecation will, it ie true, take
careful account of the probable price and volume of sales he can ob-
tain; but these, und-r competitive conditi-ns, are arrived at by suc-
cessive aporoximations (if at a2l1l1l), with the competitors =ssuming
fixed locations. This was the situation ascumed in the 1929 article.

It is very different from the free simultaneous variation of price

and location from moment to moment aseumed by the present writes .
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They do not perceive the difference, and consequently misquote, on
p. 3, what they state to be fhe eighth assumption in the 1929 articla
In that ,rtwcle, B norwsi‘erc A'e price fixed when setting 1ig own
price, and he considers A's location fixed, but not A's Drice, when
determining his own location., At this e- rlv stage, E asesumes that
prices will be fixed competitively, but in a manner depending on the
location B is about to choose. Thie confusion is inveolved in the
reasoning leading to the conclusion on p. 10, that B "will in no casc
benhave in the way sus zested by Hotelling." To obtain that conelueiop,
they assume that A 's prics,as well as his location, remains unchanged
in the face of R's comnpetition -- a rather remarkable arsumpticn --
while assuning also that B is free to chcnge bYboth his price and

s location.

The 1929 article wae concerned with a market in wrnich compe-
tition ws- assumed to exiet, not with a state in whichh 2 prospective
ntreprensur had s choice between monoooly and competition., Under
ompetition of the activs sort coneide ed, elasticity of 2 i
ary imnortance. Nhe; a2 seller surrounded by activ
ce whil:

competitors
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I am returning he-
+ PP IP | "wirs 2 e
niner received thie morning.

th the mannscrint by Dr. Cerhard

7 comtains several interesting

; and merits attentimm. esmlt exprescsed in eguation f4a)
: +53;ﬁfsue:? ssntewoe, &n ’tV? uee of deriv tives nf order
vran vhe 1irst, are particulerly novel. It annears to me
shm1ld be puklished in ansroximately ite nrecent form
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In spite of the very congiderarle merits nf the nnner
there are many details requiring revieton. The En-ligh conld re
considerahly immroved. Certain warde such o= "gimilarly" ave con-
Sistently misenelled. At the bottom of n. 4, "deter~inpd" ghavld
be chanced to "determinste." T have not atternted a commlete 1iet
of such nninte. One rather seri~ue error »f exnreesion ie the wnee

on po. & and ©

exoression is universally understond tn re

ations of exnomentials, such ag sinh x, cngh X, e
le

uses it errnmeonely for a constant wml

nd elrewhere, of "hyn-rb-

] In discussisng such ae trig "Cuge IM an
would ordin~rlly refer to t
noper they refer ton diff 8 "ns rei;tﬂd

r - ~N1T ™ T MM« m s . 3 i e g .
by a nurely msthematical transformatioh. I surgeet that these be
called "forms" inetead nf "gaseg" thryorn hnut. ‘

Cn op. 1 and 13 the author amesra ta think that in
using derivativeg of ~rder higher than the firet he hag trested
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Columbia University
mthe Citp of eraPork

FACULTY OF POLITICAL SCIENCE

Dear Frisch:

I am greatly obliged to you for your letter and for the
mimeocgraphed outline of the lectures given by Kcopmans. Whikte 1 have
not yet had an opvortunity to read through Egis material, I take it
to be an excellent presentation of modern sampling theory, which is
of course the central thing in the theory of statistics.

Thank you for your kind suggestion that my remarks on
Generalized Multiple Correlation for Pairs of Sgts of Economic
Variates be published in Econometrica. As a matter of fact, I have
not written out these remarks, but I have gent an abstract to Roos.
The theory on which these applications is baéed is embodied in a long
paper, not primarily economic in character, which I am just now com-
pleting.

With cordial regards, I remain

Sincerely yours,




U.8. Osio
Breve nr.

A}
-}

tﬂc'kcﬁ~w
'

~/

Coiumina niversity
wn the Citpof Hera Pork

FACULTY OF POLITICAL SCIENCE
March 20, %978
Dear Frisch:

Your vlan of holding a session of the Econometric
Society in connection with the international mathematical
comgress is very avnnealing; the occasion would seem to be a
very suitable one for getting together. I am not familiar with
the machinery of (these congresses; 1t may be that an econometric
program held as a part of the congress itself would be equally
successful, and less troublesome to arrange. This is a matter of
adninistration, on which I cannot express an opinion without
knowing more about the organization and general scheme. One ques-
tion relevant to this would be as to whether other societies inter-
ested in applied mathematics are meeting with the congress. Econo-
metrics would seem to be in about the same category as mathematical
vhysics from this standpoint.

It ie most kind of you to suggest a dinner meeting at
your home. I should be delighted to attend, except that I shall
apparently have to give up, with great reluctance, the idea of
going to Oslo this summer, as I have on hand work which I cannot
well leave until it is completed -- namely the writing of the
treatise on statietical theory on which I have been engaged so long.

With the most cordial thanks and regards, I remain

| Sincerely yours,
Noreld '
P. 8. Roos, Evans, ete., might well be asked

to give pave
Econometric program: also, of course, 2 rs on the

European econometricians.
14



Columbia University
inthe Citp of HewPork

FACULTY OF POLITICAL SCIENCE

April 19, 1936
Professor Ragnar Frisch
Slemdaleveien 98
Oslo, Norway
Dear Profecssor Frisch:

Many thanks for you kind letter of March 31. I greatly
appreciate your congratulations.

The suggestion you communicated last fall to the council
members regarding the election of the #ditor-in-chief for a
fixed term of years seems eminently reasonable. I have not
yet learned whether anything haes been done about it; 1f 1t
hashot been acted upon I will undertake to lay it formally
before the Council.

What would you think of the following proposal? Suppose
each member were asked, either by circular or through a general
announcement in Econometrica, to send in immediately at the clese
of each calendar year a list of contributions to econometrics he
. had published during that year; then these could be published
in Econometrica as an annual bibliography. This would be of int-

L

serest to readers, and would also be an inducement to membership
/ 4in the society, in order to get one's bibliography published.
Pzrhaps the request to send in the bibliography could be on a

#

printed slip accompanying the annual bill for dues sent out 1n
the autumn -- unlesg this would have an adverse effect 1n
causing postponement of payment of dues. If anything besldes the
bill for dues were sent out at this time, there might be included
both the bibliography notice and a suggestion to make nominatiqms
fof fellowship.

Cordially yours,
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Carmel, California
July 21, 1936

™
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My dear Frisch:

Thank you for your letter of July 2. 1 am glad that you,
like me, 2re enjoying a vacation in a place of natural beauty.

If Roos wrote that I was making a historical study of
statistics he was mistaken. I am now, as I have been for several
years,k®eEr engaged in writing a book on the theory of statistics
in relat i on to probability, a rather encyclopedic and comprehensive
treatise. The history of the subject is not my primary concern.
Hence I can scarcely prepare a historical article of the type you
suggest, at any rate in time for publication a year hence.

To survey current developments in mathematical statistics
is the object of an enterprise begun several years ago in behalf of
the English Royal Statistical Society by J. O. Irwin, whose annual
surveys have come to be read everywhere with great interest. They
are very ably conducted. Meanwhile, independently, the need for such
a survey occurred to several members of the American Statistical Asso-
ciation; it was proposed within the Association to publish an annual
survey of curr-ent developments in statistical technique. When this
proposal came to me, I called attention to Irwin's excellent work,
the duplication of which would be a waste of effort; I therefore csug-
gested that his reports, possibly with American collaboration in their
preparation, be published both in the Journal of the American Statist-
ical Association and in the Journal of the xoyal Statistical Society,
or else that reprints from the same type be circulated to members of
both organizations. The American Statistical Assoclation thereupon
commissioned Paul R. Rider, who was leaving for a year in England, to
negotiate with Irwin and the Royal Statistical Society for some sud
arrangement. When last I heard from Rider a few monthe ago, and from
Irwin somewhat earlier, they seemed to have éome to some sort of an
underetanding that Rider shou.d undertake to review new statistical
methods of particul:zr applicability to economics, wnhile Irwin handled
the rest. However the theoretical work in economic statistics is on
the whole very trivial in comparison with the more general work in
the theory of statisticsi this fact was so obvious both to Irwin and
to Rider that they may make some change in the arrangement. In any
case, there is a large amount of work involved.

With cordial regards, I remain

Sincerely yours, ” Y |L°z;e£~;zy



Columbia Eniversity
utthe Citp of AewPork

FACULTY OF POLITICAL SCIENCE
October 29, 1938
Dear Friech,

Many thanks for your letters of the 8th of
Octoter. In accordance with vour suggestions I am writing
Roos ,and I enclose herewith a copy of my letter to him.

I am much interested in your remarks on the
doubte regarding Irwin's annual reviews of statistical
progress. These reviews have been of great value to me,
and from several sources I have heard only praise for them.
It is of course easy to understand that not all of the
rapidly increasing volume of literature of theoretical
statistics could be read with really critical attention,
and that some voints might escape a reviewer.

The surveys that have so far anneared in
Econometrica seem to me also to be excellent pieces of
work, and it is to be hoped that there will be more of
the same character. Really careful and critical discussion
of publisghed contributions should be of immense value both
in develoning and in disseminating our subject.
1t;} hope that the writer on seasonal indices is
up to his job. There has been an immense amount of writing
and work on this subject which is quite futile, largely
because of the authors' ignorance of statistical theory.
The method of link relatives in particular seems to me

ble. l

immensely laborious, inaccurate, and altogether objectiona

Most cordially youre,
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Columtbia niversity
ttthe Citp of NewPork

FACULTY OF POLITICAL SCIENCE

May 28, 1937
My dear Frisqh:

Your idea of national chanters of the Econometric
Society, with meetings to be revorted in Econometrica, seems
excellent.NThe American Statistical Association ha= T think
gained a creat deal of life from the activities of the local
chapters, and the revorts of their meetings make interesting
reading in the Journali]

In some places it may be more expedient, instead of
national chapters, to have regional ones, regardlees of polit-
ical boundaries. Thus the great distances in the United States
might sometimerlead totthe organization of numerous local chanters
On the other hand, in small countries, chanter activities micht
well overlap national boundaries.

{it seems to me that whenever a groun of membere in
any country or region wishes to organize a chapter, they might
well proceed to do so, and that this chanter might then be
accepted, ohartered by the Econometric Society aes a matter
of course.{ The organization 8 charter might well be made conting-
ent on du® notice in advance of organization having been given
all members of the Econometric Society living in the region in
question, so that there could be no accusation of a minority
group having unexpectedly seized control. But this would be a
very eagy requirement to f1fil, and should cause no difficultyi]

I hone to see you when vou come through New York.
I shall not be able to go to Colorado this summer. Please let me
know when you are coming through this city, and I will arrange to
meet you; otherwise there is a good chance of my being out of
town in hot weather.

With cordial regards, I remain

S8incerely vours,

Mol
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FACULTY OF POLITICAL SCIENCE

April 6, 1938
Professor Ragnar Frisch
Vinderen, Oslo, lorway.

My dear Frisch:

I am greatly indebted to you for your careful reading of
my paper and for your well-directed comments. I have sent it on to
Mr. Leavens by air mail, after making some revisions suggested by
your remarkse. These revisions consisted in part of the correction
of some bad slipe, such as the inadvertent implication that
Marshall meant by his supply curve a marginal cost curve, and the
unfortunate inclusion of the word "implicit" in referring to your
assumption in "New Methods of Measuring Marginal Utility" that the
marginal utility of the particular commodity considered is a
function only of the quantity of that commodity. Your statement of
this assumption on p. 8 is of course perfectly clear; I regret that
I overlooked this explicit statement in first rzading the book.

I trust that the matter is rectified by deleting the word "implicit"
from my manuscript; if you think it better I shall be glad to
change the form of reference or delete it, as you think proper.

Several of your comments, and also those of Francis
McIntyre, make it evident that I failed to clarify certain fundament:
polints adequately. I therefore inserted in the manuserirt some more
detailed explanation of these points, dergigned to meet these
questicne. These insertions, apart from a few words written between
the lineg, are on the separale sheete of which carbon zoples are
enclosed. The net effect of these and of some deletions is to
increase the length of the paper by about one-twelfth. This length-
ening of an already long paper I regret, but I do not see any other
way to prevent obscurity.

One of your comments, striking quite a fundamental point,
is ar follows: "P, 14, line 4. 'that this man'se new state is worse
than his 0ld." This can't be correct. (7) only shows that any dis-
placement under a given system of prices must make him worse off,
but on p. 14 you assume a change in prices. Perhaps I have misunder-
stood the argument." I have tried to clarify this in the revision,
and I think a careful reading will convince you that the argument is
correct. Throughout it, different symbols are used (primed and
unprimed letters) for the new and old prices, quantitles, and income.
There is therefore no confusion between new and old prices, and the
demonstration is rigorously correct.

With cordial regards, I remain

ijgrﬁ Sincerely yourse,
" Oddrero w811 Msenla J&!aw,'nw«rgyvquaf:*:
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FOOI'NOTE FOi ASTER ISE ON P, 13:

#A friendly critic writes: "It is not clear to me why dp; ehou.d

be the exsct oer-unit revenue of 'he stzte from an exeise tax which
ralses the price by opy from 1te o0ld level, ... I should expect (re-
ferring to Figure 1) an inercase in price of GL, and & revenue to
the state of HL." The answer to this i1s thsat the summation of &r over
all pereone includee the sellers as well se ‘he buvers, and that the
government revenue per unit of the comuolity is derived in part froa
each -- thougi 1t must be understood that the contribution of either
or both may be negative, Intthe classical case represented by Figure
1, the buyera’ op is the helght GL, while 'Le sellers’ is NG in
magnituce and le negative, Since g' le positive for the bu,er, and
negative for the sveller, tune product g'sp im in ecceh case positive.
The aggreg ' of ‘hese positive terus 12 1.:¢ 'otal tax revenue from
the commodity.
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INELERT IN P, 14

This argument may be expressed in geometrical Langusge as
followe, Let Gyreces@, be carteasjan occordinsteg in & spa. e of n
dimenslons. Through sach .oint of this space passes a hyperesurface
whore equation may be written &(ql. cony qn) = constant. ‘he indi-
vidual'e satigfeeticn 1e enhanced by aoving from une to auvcther of
theee hypersuvfiaces 1f ths velue o7 the constant on the rilght eide of
the equation 1s thereby inereased; this will usvally correspond to
moving in & direction along w ich eome or all of the q's incresse,
The point repre:enting the individual's combinatiocon of go.de 18 how-
ever constrained in the first instanece to lie in the hypsrplane whose
equetion i# {(4). 1In Lnis eguation the p's and m are to be regarded as
conatant coefficlents, whnile the g's vary o er the hyp rplane. A
certain point Q on this hyperplane wiil be selected, correaponding teo
the maximum taken by the function P subjeet to the limiiation (4),
If the funetione involved ere snalytic, Q will te ths point of tang~
eney of lhe hyperplane with one of the "indifferen e leoci.” The change
in the tax syeter wmeare tust the inclvilusl muet fivd & colnt .' 4n
the new hyperrlens wiese equati-n e E’i'qi' = m', If ws denote the
coordinati-s of ' by ql',....qn‘, we have upon swvbatituling thes An
the eguaiion of tal® new bypsrplane, Zpi‘qi' = n'y If the cian 28 4n
pricea snd m are such a3 10 leave 'he overnient revenue unchacnged,
(12 ) must vanishj that 1ie,

Ipga,' = Ipja,.

Jinee Eplqt = @i, binde #howe that Epiq1 = mj that 18, vhat ¢' li<e on
the same hyp rplane to which § was eonflined in the first -lace., But
8ine® Q was gnhosen a ong all the points on tnis hyperplane as the one
lying on the outermost possibie indifforsnes losue, {or whigh b 1s a
maximuz, and since wa are putiiang sside ithe | finitely improbsble

case of thers helag eithsr pelnie en the hyp rplang naving this saxime
iging property, it foilows that Q' must 1ie on rome otusy Lndifference
locus, end tnat toils will corregpond to a las:ep degree of gstisgfaction,
ihe funiasaental tosorem thue establisned ic tuat AL 8 psreon
must pay & certain sum of aoney i taxes, nhle catiefection will be
greater if the levy i& msde direetly on him as a fixed a asount tH;E_Lt
4t 3¢ made tirough o syetem of excise taxes which he can to some ex'ent
avoid by rearranging nls produetion and consumpticn, In tue latter
case, the exclee texes muct be at ratee sufllciently 1igh to yileld tHe
required revenue gfter the pergon's rear ange ent of hise budget, The
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redisiribution of hie production and cohsumption then repr=gente &
loge to him without any corresponding gair to the treasury. ihie
enelusion i1¢ not new, %hat we have done ig to establier it in &
rigorous aanner free from the fallacliou: wethode of r-asoning about
one commo ity et 2 time w:ic haveled te felee concliugione in other
associated lscusilions,

The cuoncluei.n thev & fixed lsvy such &s an incowe or land
tex is betler rfor an indlvlcual thau a& zystem of exclse taxes uay be
sxtented to tie whole & regete of indlviduals., In meking t ie extene
gion it 1s neceseary Lo neglect certaln interaections among tie indile
viduels trat mey be called "soeisl" in charsc . er, znd sre sspurate and
distinet frow 'he 1nieract! nr through ¢:- econoric zechanlsse of
price en.d exche e, An exanpls of esuch "vocial” intsractl 1R 18 the
cag® of the drunkard who, after sdjusting hie consumptioern oi whisky
to what hs conpiders hLils own meximum of ratlieisctiuvn, Leat. hile wife
an® mekes ids sutometile & public zsnace on ' i.nway. he restricte
ive tex&ation &rd regulution of nleoviclic lilcuore end eortein cther
commotitise 4o not fall under tie purview of our '! oreme because of
theee . .clal inter-etic. ¢ wi lci. :pe wot econo. ¢ 1. ihs giriet sence.
#ith t is quelificetion, end neglectirg nlge corteis poscihilities
whoge total prchaebility = zero, e Live:

i s ernvent ravenue 1: oroduced by spy tvetem of escige

taxes, thure B £ posslble _lelriti. ion of psrecvnal levies amo.us

the individuels of <he cozmunity such that tie sbolikion of the excise

—\{ S o " 3 »
texes &nc Lheldr replocement by theee levi g wiil yieid L& saue

revenue whil: leaving @icl pereon in XXKXRKZXRXXK 2 ¢ ste mo.e

saticfootory to nimcelfl than befcre,

It ir dn the 'enee of tiifr ‘hecrem thet we grnall lster
secticrs cpenk of "tre meximum cif totol & tisfacti " or "Lie waximun

of generel v=lfere" or “"the saximum rational fivideng¥

recuiring as a
necessary, though tot eufficient, cundition thet the scle of xoode
shell he without addlit rne Ex Lo price 'n the nature of excise taxss,
iteBs2 loceer exprescions are in comcn use, aii &rs convenlent; when
uged in t is paper, they refer to Liis provosit or alove, which depends
oenly on renk ordering of ratiefsetlons) there 1: ne connociation of
adding utiliiy funetione of &ifferent nergons.
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INSERT In P. 161

It i1e remarkeble, and mey apresr paradoxical, that witnout
assuming any perticuler wmessure of ulllity or any iesne of coupa leon
of one person'c wtility «ith ano'her's, we have been able to arrive
at (19) ae a valid aporoximetion measuring in money & total lese of
satisfections to msny porsons. That the result depzncs only on the
conception of runking,without measurement, of satisfsctions by each
person is readil; spparent {rom the foregelng deronstrations or we
may for sny perscn replace ] by anether funetion ' &2 an index
of the same system of ranks as ng catiafactlione. If we do thie in
gueh & wey thet tre Jderivatives are continuous, we shall have
y = F( ?). wiere F 18 an increselng Tunctlon wiibh c.nbtinuous
depivetivee, Upon writing the expreesicns for the flret sud gacond
depivetivse of . 4n terme of those of F end 16 m&y he seen that
the foregoing formulae fnvolving #re neceessery end sufficient
conditions for the tru'r of the same -squetions with writtem in
place of =g . The vesult (18) 8¢ in ependent of whicl ayetem of

indieeting ranke ic ueed, The fun amental trcet hers 16 thal

arbitrery aval tic t aneloructiore, even of very complicated funce
tionsl forme, slweye !nduce homogeneou: linesr transforustions of
differentlalc,

Mo$ omly the empproximetion {(19) tut elsoc the whole expreseion
inflcated by (18) are abeolutely inverient under 1) analytlc transe
formaetions of the utility funetlons of =11 {pe perrong involved,

There exprescione cepend oply on the Jdemand and supply furctions,
which are cerable of eperational “elepainetion, ihey rapresent slgply

the money cocet te the ¢ ate of ihe inefficlsncy .ff%&ntcm of exclee
taxaticn, when this le earrenged in such 2 way as %o leave unchanged

the satiefactions de 1ved from hie private income by 2:ch poreon,
¢



Columbia Tuiversity
utthe Citpof AewPork

Mountain Lakes, N. J.
May 26, 1938

Professor Ragnar Frisch
Vinderen, Oslo, Norway

My dear Frisch:

I have your letter of May 11, stating that you were
writi ng a note of a few pages based on the final galley proof
of my paper for the July issue of Econometrica. This is quite
sultable; discussion of papers adds much to an understanding of
the issues involved; and in a soclety such as ours, whose members
cannot all assemble in one place, the oral discussion upon
presentation of a paper may well be supplemented by published
notes.

If however a critical note is appended to a carefully
prepared paper without an opportunity for the author to reply in
the same issue, 1t detracts seriously from the force of the paper.
Very brief and informal notes, published without adequate study of
alternative pointe of view, may indeed be dealt with in this way
in some instances. My paper i1s not however of this character., Its
preparation has been of the most painsteking character, extending ove:
81x years and requiring an average of several weeks to the page, of
full-time work. It has been submitted to numerous economists and
students in preliminary forms, has been the basis of a large number
of lectures and informasl talks, and has undergone frequent revision
and rewriting. Critics of various schools of thought have been con-
sulted, and modifications have been made to meet their objections
when these seemed well founded. I Spoke on the subject at Colorado
Springs in 1935, at Chicago in 1936, at Atlantiec City in 1937, and
at various local meetings before and since these occasions. Each
time comments and criticisms were made and met, either by refutation
or by modification of the paper. Undsr these circumstances, I do not
thirk it likely that any criticism conceived within a few days and
published immediately is likely to have much force, It is indeed
probable that my exposition has not always been ae clear and felici-
tous as might be deegired, and verbal and bibliographical errors are
possible, such as those which you corrected in the letter you so
kindly wrote me some time ago. It is also probable that some of the
probleme around the periphery of the main question have not been
dealt with to an adequate extent; this would have been impossible in
anything shorter than a book. Rut the central thesls i1s I think quite
Secure,

There may be other comments and criticisms of my paper.,
Would it not be well to hold your note, and publish it in the next
issue with any other remarks by economists on the gubject, and with
a chance for a reply by me in that issue?

Very sincerely vours, : : T AAH%}&ZZ%;L



U.B. O=lc
Brevs. o

%/ 4

Mountain Lakes, New Jersey
July 25, 1938

My dear Frisch,

I am enclosing a note for Econometrica, "The Relation
of Prices to Marginal Costs in an Optimum System," inspired
partly by your comments on my paper on "The General Welfare...",
and partly by some verbal comments of Lerner and others. As
you will see, I agree with you on most points, though not on
all.

The sixteenth paragraph of the galley proof whicn you
kindly had sent to me of your note ("The Dupuit Taxation Theorem")
is ome with which I do not agree. It upon consideration you
should decide to remove this, the paragraph on pp. 6 and 7 of
the enclosed manuscript should also be remocved.

To keep Mr. Leavens informed, end to facillsate matters

in some possible contingencles, I am sending him a copy of this
manuscript and letter.

Very sincerely yours,

Noneld Netetlorg

Harold Hotelling
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Columbia Hniversity
tthe City of AewPork

FACULTY OF POLITICAL SCIENCE

September 8, 1938
My dear Frisch:

I have your letter of August 11, but have delayed
somewhat in answering because I wished not only to be sure of
having the right point of view on the gquestions at issue, but
to have the opportunity to submit them to a third party. Dr.
Tintner has just been visiting here, and after looking over
carefully what we have b th written, and puzzling for some
time over the "entropic" paradox you set forth, he concurs
with me in the following view of it.

The reasohing youﬂkive in your galley proof ("The
Dupuit Taxation Theorem") seems to show that every change of
prices, or imnosition of taxes and bounties of the kind you
there call "self-financed," puts the individual in a worse
condition than before. Even a reversal of an original mistake
only makes matters worse. This, as you point out, is paradoxical
d =absurd. The guestion then arises of placing one's finger

is point seems to be in the definition of "self-financed."
t is indeed plausible to apoly this term to a system of taxes
and bounties such that the sum of the products of the rates

an
<:n the point in the argume~-t at which the fallacy enters.
Th

' by the new guantities is zero. But it is necessary to consider

or the present purnose, not the total rate of each positive or
egative tax, but the part of it falling on a particular indi-

vidual, in the sense of the change in the price he pays or
eceives for the 1th commodity as a result of a system of taxes

nd bounties. From the standooint of the individual we may, as

we have more or less been doing, coneider the government as , °
buying from him and selling to him at prices that }t fixes,

Under such conditions the government, to decide whétTher a certain

change in prices is self-financed, must decide (a) whether the
new prices will yield as great a revenue as the o0ld, and (b)

what will be the effect of the_gggggE;ig;%%ggygilgnﬂzaxgg_nn
}ggagggja_g;;%gs_znxsznman:_aa_nzndugg;. e latter question
#8de to considerable complications. But the question (a), on
the assumptions we have been making, yields a perfectly determ-
inate answer. 8ince by hypothesgieg the individual spends his
whole income m on the commodities in question, the money
receipts of the government from him are absolutely constant,
no matter what prices it sets. Thus gvery change of prices,
not merely those satisfying the définition given, ie actually
gself-financed from the standpoint of the government, if we
ignore costs. But the ignoration of coets is involved in the
entrovic argument. If the government sekls at the same price at
which it buys, we are back at the sitvation of sales at marginal
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N3 FACULTY OF POLITICAL SCIENCE
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i cost; it is only then that the definition of "sgelf-financed"
changes becones and as we have seen, they are

in this case changes for e worse.

As to your second question,regarding the defini-
tion of marginal cost, my definition is simply the increment,
or differential (the latter when we are using strictly
continuous hypothetical situations) of the total cost in money
associated with the operation of an enterprige. If the
enterprise produces the qnaﬁ?ffIEE‘GT?Tng_Eggof n commodities,
and spends gM, where M is a continuously differentiable function

of @4, ---, q,, then the marginal cost of an increment dgy of
the = ith comPodity ie o
;Y:““Q_q j" l.p’.yﬂ- .

.
e 'S %

apart from poseible terme of second and higher order in dqg,.
Among the costs ie rent, as I have previously set forth in

some detail. M does not involve directly the utility function

of a particular purchaser of the profucte of the enternrise.

It does involve the utility functions of a large number of
nersons indirectly, in the sense that the pnrices at which the
@ﬁmmmﬁmnw?_weg_og_t}lgg%gg%ggg_&“ related to
their utility functibns. But monotonic transformations of these
utility functions will not change the prices when these are
determined, e. g. through a Walrasian system of eaquatione of
general eguilibrium. Such transformations can have no influence
whatever on vrices, money coste, (therefore marginal costs), or
any of the conclusions regarding the inefficiency of the current
notion that sales should cover average costs.

I regret that there is a possibility that my note
"The Relation of Prices to Marginal Cpsts in an Optimum System"
may not appear in the October issue. If it must be held over
until January, ¥ believe that your note, "The Dupuit Taxation
Theorem," shouid likewise be held to apvear in the same issue.
Dragging the discussion of a paper through several issues of a
journal is very tiring, and the readers quickly lose interest.
It seems to me that the entire diecussion ought go far as
possible to appear in a single issue. Also, it is customary to')
'allow the author of the original paper the final rejoinder.
' The final note in the series discussing my presidential address'
Lghould be by me. =

Very sincerely,

oo Witlong

Copy to Mr. Leazvens.
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November 14, 1938

Professor Ragnar Frisch,
Vinderen pr. Oslo,
Norway.
My dear Frischs:
Mr. Basterts note, which
I am returning herewith, is based on a

mathematical misunderstanding of an

elementary nature. My reply to it is

g carn /ezﬂvﬂ( e
also enclc;iid(~ 'ﬁ:%:””ﬁtr “f?
regards,

With cordia

Harold Hotelling.
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lir, Baster has misunderstood the reasoning leading to the
inequality (7)., Defining

§d:-P (%‘1' N 5‘{~) - @ (ﬁ-, s )

and suppesing that %.,...,%w had been chosen so as to make
the utility or indifference functicn @ & naximum subject to the
condition

(4) Zpogi=™)

where the prices f;mmmm-mmwuuuu, we have
without difficulty the result
(7) P <o

whenever the increments 816.; are such that the new quantities
%;’= 4 fs%.- satisfy the fized conditiom (4); thet is, whenever
(‘) Z r; 8%\: & o *

I showed on p, 251 that (6) will actually hold if excises taxes come to
replace an income tax of the same amount on the person considered; hence
in this case SP <0 . Here the p: axe the prices originally
prevailing, Mr. Baster objects to the imference of (7) from (8) on the
ground that a new set of prices will in the new state of affairs replace
the old, These new prices I have called r: { s not Pc o and they
do not enter intoe the conditiom (6) on the 8«6; « He seems to
feel that the |, in (6) should be replaced by the b’ , thus
yielding a condition from which (7) would not follow, The argument as
originally stated is however correct; I have used different symbols for the
old and the new prices, thus avoiding the confusion into shieh Mr. Baster
falls on account of his thought that prices after the change as well as
before it are denoted by t‘.’ .



;1 2 1 » . /v’;

2 7 1 ; 1 ~' ! F) ¥ “ '] ¢ | & 2
Y_Bd brev fra H- Hotelling ish i1~ 1938,

The geometrical interpretation of (7) is not what Mr, Baster
indicates, but is cutlined on p, 251 of my article. For two
comuodities it means simply that if Q is the point at which a
straight line touches the outermost of the indifference curves
which it meets, then points other than Q on the line lie on indifference
ecurves that are not so far out from the origin, and so do not
represent such a high degree of satisfaction,
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November 29, 1938
Professor Ragnar Friech
Vinderen por. Oslo
Norway

My dear Frisch:

I am returning herewith Dr. Preinreich's letter
with your annotation. I regret that I seem to have given him
the impression that I agreed with his formulat}on of the problem
of depnreciation completely and considered Bain s work completely
ungound. The truth is that I have not even yet fully made up my
mind as to how this prob'em, or rather groun of nroblems, ought
to be handled.

Preinreich's paper in the July issue of Econometrica
was in two distinct parts, of which one is Lotka's source of objec-
tion and the other-Baimbe» As to the former, it is clear that
Lotka published a large part or all of the mathematical theory,
in the form of a treatment of matheratical hiology many vears ago,
though Preinreich d4id not know this when he wrote the article.

It seemed to me that Lotka was justified in not only wanting his
earlier contribution recognized, but also in holding that he could
do a better job than Preinreich of summarizing thie earlier work.
It was this conclusion at which I had arrived after hearing from
Lotka and Leavens. When we lunched together, Preinreich informed

me that his recent work, nartly incorvorated in the second manu-
script he had sent Econometrica, contained additional material

not in Lotka's work, in the form of a2 different method of solution
yielding itself to much more convenient numerical treatment. Upon
looking over this material with him somewhat hastily I wae inclined
to agree, on his statemént of the facts, that his additional work
was relevant and ought to be published. I have not, however, made a
search of the literature to find out whether anything eguivalent
has been published.

As to the other vart of the Julv article, I do not
agree with Dr. Preinreich excent to a very limited extent. This

‘problem may perhans be suhdivided into that of calculating devore-

ciation and that of deciding when a michine (or other opronerty)
should be renl.iced. Now my idea of the pronmer criterion for

wivaluation of an old property, at least under static economic

conditions and with everyth n- known in advance, is that the value
should be fixed at such a price that the buyer at this price would
get as good a bargain as the seller. Preinreich's idea of valua-
tion seems to include a considerable element of monopoly value of
the business, or "good will," and this must of course give a
different value. ‘
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On the question of replacement Bain's argument seems
guite corent, but only under very limited conditions. He assumes
that the rate of output is fixed, and that the renlacement of the
machine is to be at a time determined by this rate. But actually
the rate of output is a function that varies through the life of.
the machine in response to the varying profitability of operation,
and drops to zero when the machine is scrapped. Bgin's solution
will not be the correct one either if (1) the pronerty is onerated
as a monopolistic unit of production, so that the rate of oneration
is one of the variables at the disposition of the owner in the
process of maximizing hie profit, or (2) if there is a condition
of guasi-monopoly or imperfect competition, as there nearly
alwaye is in large industry, or (3) if the machine is one of a
number owned by the same owner, among which the work to be done
can be redistributed from time to time to obtain the most profitabl
utilization in accordance with the varying efficiencies. On t is
noint it seemed to me that Preinreich had avproximately the
correct point of view, though obscured somewhat by the allied
difficulty about valuation.

The weakness of Dr. Preinreich's idea of valuation
seems to me to be revealed by his statement that the value of a
new property is different from its cost. It is guite hard to
accent such a theory of value. But we must remember that "value!
is not a concept of which there is any generally accepted defin-
ition apnlicable under conditions of monoonoly, aguasi-mononoly,
etc., or under conditions of completely unanticipated changes
in conditions. In fact it does not seem that any real definition
of valuve, anpnlicable under t e conditione actually obtaining in
the world, is possible. Bonbright's recent two-volume work on
"Valuation for Different Legal Purposes" brings out clearly
the ambiguities in the concent of value, and the contradictions
in which the courts have become involved in attempting to give
suitable definitions. There is also a voluminous literature on
the concept of value written by economists, almost theological
in nature and verbosity. Under these codditions it is not surnrisin
that different apnroaches to the problem of calculating devrecia-
tion in value give different results.

Very sincerely yours,

Nowold. Hotillnt

Harold Hotelling
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Januery 6, 1539

Desr ir. Leavenst

I ar enclering &n aretraet of ay paper on "ine . elsction
of Varizies for Use in Prelletion,”™ and slsoe your copy of the
Detroit pr gram, marked with my observati_ nge on t.e@ various
papers, There cohesrvationa are sunplenented by the following

*remarke. My paper on Henry ochultz is now being typed, and 1

expaect to send Tt to you loniay.

Paul Douglas® paper on Schultz ¢ontained material which
pesenmad to me highly aspropriste for publication ila aconumeirlics.
tence I sugrested that he serd 1t fo you for nublication in cone
Junetion with mine and a photograph ol Ochuitez. This asy psrhaps
geea like a good deal of space for Sehultz, but I am convinced
that it le spsce well used, for several reascmé, bohultz' method
of attack on the problsms of “erand functions 18 of grest valus,
arnd deserving of saulation, He wes one of the original meving spire
ite in csconomsiric activitiee, ard en evcrgetic ~o-her Ofi! O
~roelety. Hie biography alsc is one of interest tc youn er workers
in econcuaetrice. il leaves nup~rous frierde arong econnet~icicns
in trie country snd Burope, including a lar;e tody of 4 voted
former sludente and seslstarts. And Douglae’ mentior o *le lireral
views is " ighly anpropri-te at this moment in an internetional
Journal like Econometrica.

I will ser@d a cerdon cony of thile letter 2:4 of my peper
on Behultz to ¥rizch, 2¢ vou cuzs=et.

The paper of A, [, Court impressed me {avorably n several
reepsctg; but the whele avtomobile eesesion waes ¢f couree rather
suggestive of “ex parte" proceedinge, and pubilcation might be
held up until critical c ronents can be fournd and neard.

Lotka's work 1 thnink should ke nublished, Shevhert's 1le
excellent, tirnouerh I ar not sure how much of it hss en publlishied,
Bain ghowsed he red some pood ideag, Tult »is pep:r off to he care-
fully exazxined. The psper of Rooe erd Lan-e ese¢ned to me rood,

1 d41é not care for Lederer's, end Clerk's was not nirs beet work,
though highly espproprizte, ard fitting in nicely with willikan's.
Millikan's paper I trought & good ons, but tee leng. Perhase he
ghould be invited to rend an a brevieted form of rie paver to
Eoonometrica, In t-at cose it misht be sugsested that, to eave
coste in printing, he modify his o mbol for the “"conj)-ctural dere
ivative," perhaps ueing d'x/d'p, otec.

KeIntyre's psper ceerxed to me exce lent; it ocught to te
i:vited for Econ ~etrica, but sent to a relferee, €., £, ROOS,
Lederer, cr Gerhard Colm. Colm, who ir at the New School for Focial
Research, 66 Weet 12th st., New York City, would be particularly ¢

(over)
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guitable because he hae written on tre undistributed proflite tax.

Tre papers at the Thursday morning session €ll improaao&
me favorably, though my recollection of them 18 & little blurred,
Of fhand, 1 shoulid rete t em in approximetely the fellowlng order:

(1) ¥endershausen (best), (2) wald, (3) Douglac -nd Lewis, (4)
@i lboyo

Rermett's poper seemed to me parileularl; appropriste for
iponometrica, whieh nag published eeveral papers uclng aifference
enc difterentinl esustiors, Defore definitely recoznending 1t 1
enould went to read 1% copefully, but py Anpression of it was
favoprsble, I aleo liked Chawner's pmer.

Very sincerely yours,

e et m*““lh;"b‘zhms*.étl‘l _‘.:ﬁE gt s ek



e dd o B brev dee W Wekelling
‘\;\”'{f ‘i—'hs-t\} \0-,;\““- \9324.

HENRY SCHULTZ*
By Harold Hotd ling

#This peper and that of Paul H. Douglas were read at a special joint
meeting o. the Econometric Society, American Econcmlc Association, and
whe American Stati:tical Association at Detroit, Decamber 202th, 1936.
Ward L. Crum presided and spoke briefly of Henry Schults,

After a life devoted with singular intensity to the advancement of
economi¢ theory and its statistical complement, Henry Schultz was sucdenly
killed on November 26th, 1938, when the automobile he was driving shot off
from & mountain road near San Diego. The accident was the more appalling
beeause it means that he leaves no direct descendants to carry on his
genius; for his wife and his teo dsughters, Ruth, aged 15, snd Jean, aged 11,
were also killed,

Henry Schultz was born in Russian Poland Seplember 4th, 1893,
After attending the public schools of New York City and the College of the
City of New York he recsived the Bachelor of Arts degree in 1916, 1In the
same year he matricalated at Columbia University, where he studied with
Professors Seligman, Seager, Moore, Mitchell, Willis, Hussey, Chaddock,
Giddings, Dewey, and others. These studles were however interrupted in 1917
by the =ar, After the armistice he was awarded an aray scholarship which
enabled him to spend the spring and summer terme of 1919 at the
London Schocl of Economies and Political Science and at the Galton Laboratory
of University College. During this time he attended the lecilures of
Cannan on economie theory, of Grahem Wsllas on politdesl theory, of Hobhouse
on philosophy, and of Bowley and Karl Pearsos on statisties. Returaing to the
United States, he conducted varicus statistical and economic investigations
for the War Trade Board, the United States Bureau of the Census, the

United States Buresu of Efficiency, and the Institute of Economicss

J a



When he completed his work for the doctorate at Columbia in 1985 he was
director of statistiecsl researci in the Children's Bureau of the
United States Department of Labor. His thesis dealt with “The statistical law
of demand a8 illustrated by the demand for sugar," and was published in two
{nstelments in the Journsl of Political Economy., Its totsl length was
81 pages, coming closer in this respect, a&s well as in method and spirit, to
dissertations in the sciences than to those in the more verbose types of
economice, In it he acknowledges the kindness of Iu&;r Lubin, F. C. Mills and
§ C. Mitehell in reading the manuseript. His main inspiration was in the
work of Henry L. Moore, whose picneer attempts te derive demand curves
from time series stirred his entimsiasm,.

After entering the Department of Economics at the University of
Chicago in 1926, Schultz gradually developed a large progras of research
of & kind definitely prejected by his earlier studies. Beginning with sugar,
he studied numerous commodities whose demand curves he attempted to cbtain
from the records of consumption and price. He also made some attempts to
obtain supply functions, and shortly before his death discussed plans for
extending his work in this direction, Oonvinced that economics could not
become a seience without careful guantitative studies, he examined ome
commodity after :nother w«ith the primary object of exenplifying, checking
and extendi:g ecomomic theory. The negleet of theory so often evident
in studies of particular industries und comsoditles was not & fault of
Henry Schults. While making numerous and extensive excursions into the
forests of detail surrounding the consumption and produetion' of the
several commodities, he always regarded these excursions as means of

purifying the representation of theory derived from his examination of the
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demand and supply schedules by removing or allowing for particular sources
of disturbance,

Obtaining {rom the soeial sciemce research funds of the university
the means for assistants and machines, Sehults trained a staff of workers,
many of whom have since become prominent by their owm sork. He kept them
busy searching out and correcting the data regarding the long list of
com.odities, drawing graphs, meking clculstions, translating relevant
meterisl, spd otherwise buiiding up the mass of results of Which a large
part appears in his final book. This book, "The theory and measurement of
demand," which I reviewed in the

for Deceamber, 1838, in some detail, is & massive achievement after which,
apparently for the first time, Schults psused in his research for a few months.
He had left Chicago for & semester to teach at the University of California in
wwmnuu.mm-mummmmtmnmrmdm
for so long. He jestingly remarked after the completion of this book that
it was a good time to die,

At firet Schults used the ineffiecient statisticel methods then current,
deriving demand functions from link relatives and percentage devistions
from trend without adequate teste of significamce in terms of probability.
But es the light of modern developments of theory and techmique began to
spread he was quick to utilize it, He made an intensiwe study of the great
new work in mathematical statistics and used the resulis sccurately and
efficiently in his later investigations. He even made contributicns %o
sathematical statistics Limself, In this later work his usual procedure
wes to £it a regression equation in which one of the variates, price and
quantity, would appear as a dqunden‘t. and the other as an independent

varicte, with time and polymomials in time as additiomal independent ¢



variates, Sometimes the logaritims of  rices and quantities would be taken
es the veriates, He called the result “the dynamic law of demand," and in
& sense this appellation is appropriate, For any fixed value of the time
variate these regression eguations give approximations to the demand curves
of claseical theory, approximations whose accuracy is limited by the
weaknesses of Lhe "ceteris paribus" assumptione of that theory, From
another standpoint, however, it will be observed that both cumulative

and speculative effects are absent from Schulta' equations, which thus
belong essentially to static rather than 1o dynamic economics, with time

&8 & passive parameter, carrying along the gradually changing influences

of a mase of unspecified sources of variation. His results do not, for
example, offer an explanation of business cycles. He was aware of this,
and preferred to study static theory, as more fundamental, rather than
Joining the great procession into monetary and business-cycle theory. le was
extending the work of the classical economisis in a different direction
from that most popular at the moment,

But Henry Schults' study of demand was not only statistical, nor was
it even confined to the purely empirical. He studied gemeral economic theory
intensively, and probed deeply into the phases of this theory on which
mathematics could throw a specially clear light, He worked through
Pareto's extensive writings, which he greatly adméred, though later
recognising certain weaknesses in them, such as Pareto's blunder in
dofining competing and complementary commodities by mesns of the sambiguous
eign of the second derivative of a utility function nmot fully determined,
He considered Pareto's most valuasble work his forty-page article in the

Encyclopédle des Sciences Mathématigues. He studied Cournot, Edge.orth,

Cassel, Welras, Slutsky, end other mathematical ecomomists thoroughly,
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For the full study of economic theory and of statistical methods
Schults, like most economists, found his mathematicsl knowledge
inadeguate, In spite of his intense preoccupastion with his teaching
and economic research, he undertoock while at Chicage Lo fill this gap,
and actusally did so to a remarkable extent, By reading, atiending
mathematice classes with young students while himself a professor, and
consultation with collesgues, he mastered advasced calculus and considersble
areas of the theory of differential eguations and the ealculus of variations,
Relations between different commodities engaged Bechults' sttemtion in
his later years. In 1982 he read for the Jourpsl of Political Economy
& manuseript of mine on this subject, and made some suggestions, based on
his study of Pareto, that resulted both in its improvement and in ay
starting on & new train of thought that eventually led © further results,
When these were published in Ec:onometrica in 1985, Schults pointed out to me
the work of Blutsky published in Italian in 1915 in the same field, of whiech
I had been unasare but wiieh, as it happened, ay work complemented without
duplicating., His discovery in 1835 of this previcusly ignored work of
S8lutsky is an instauce of the wide dragnet with which he sought out
original ideas from all sources. The theory of demand for related
commodities predi-te u-der certain assumptions relations of symmetry
will be satisfied by the related demand functions. Schulits set out to
determine from the data whether these relations are satisfied by actual
demand fuw.etionss Though his results are scmeshat incouclusive in this
respect, owing to paucity of good data, they seem to indicate significant
discrepancies in certedn cases, and point the way to more definitive tests

which will eventually become possible through the asccumulation of data
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and the improvement of statistical methods,

Of his warm-hearted int.crut:;gndiﬁdual students and other young
econocmists and his encouragement of theilr researches it is impossible to
give an adequate idea, This personal characteristic is dwell upon again
and again by former studemts and assistemts., The following extracts
from letters from them give some indicatiecn of his sympathetic understanding,
of his stremucus devotion to work, and of his wide knowledge.

Harry Pelle Hartkeimer sritest

1 value my experience as nis research assistant much more than the
opportunity of being a student in his classes, for Professor Schults
was primarily a research worker. His courses were partial aspects
of bis research program and were never a survey of existing knowledge,
which the students were expected to obtain themselves from the library.
His courses were slways a step forward into unexplored regions of statistid
mﬁﬁo. This was evidenced by his frequent t he never
repea a course, He sould say that next year ve such and
such article or book written (he =as then working om it #hile teaching
the course) and the students could then read the book, article, or

; It would no longer be necessary (o give the courses At first
be had no idea of the tremendous load this placed upou the average
student who was taking other courses. Later on he did realize this
somewhat, for he introduced at the University of Chicago the practice
of allowing the student to register for double or triple eredit
in one course., 7Thue the student could take one course for ¥ majors credit
and devote his whole attention %o the work under Professor Schults, for
5 majors constitute full time work for one guarter. Professor Schults
worked from early in the morning until late at night in his office and
when the school building was closed at 10 P, M, he took a large brief
case of work home with him. He worked Saturdays and holiduys ilhe same
as week days, aand Sunday afternoons also found him in the office. I know,
for I worked with him during all those times, and after I began teaching
at the University of Missouri I could zlways see Professor Sclults
in his office on any no*nd or holiday whon I visited Chicagos

Professor Schults's most cutstanding charact ristics were thoroughness and
acouracy. His research work was checked in every way possible.

A research worker repeated every computation, by a different process

on & different machine during & different day. Later, a third person wauld
repeat the entire problem independently as & check. ALl entries of data
were checked turee times by different persons on every une of the

repeated series of computaticns., BEsh worker signed his name or initials
on each computation sheet and responsibility for mistakes was fixed,

Ko penalties were ever imposed for errors, but high praise was given

by Professor Serultz shenever anyone discoversed & mistake made
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esrlier in the process of computaticne After I had been working for
Professor Schults only & short time I discovered sn error in the
index nmumber used to deflate the orice of corn, This error had been
made sbout four years earlier and an @nOImOUs agount of computing
work would have to be repeated if I ealled attention to the error.
After some hesitation I teld Professor Schults about it. He was very
pleased and became Very much interested in how I happened to detect
the errer. It happened that I had plotted on the ssme chart the
original price dats, the deflated price data, and the index numbers
The deflated price data revesled a large fluctuation in one year,
while neither the original duta nor the price index showed any marked
devistion, This was csused by the use of an index number for that
aomrlhichmtnmrh:wpauu. A 7 bhad blurred so it was
mistaken to be a 8y From then on the grephic comparison became & standerd
procedure and I mgivu-uhnn.h«kiu work to doe

Professor Sclultsz was s careful etudent of current ecomomic theory and
he would frequently forecast developments in economic theory. I recall
an incident in which he forecast a speech made by & president of the
America: Ecomomic Association. Be was at dinner with his collesgues
who began to discuss forecssting. Professor Schults smilingly
remarked that he would not discuss general business forecasting but he
would forecast the presidential speech which was te be given some days
later, He mentioned that he did not know the president personally,

he had not talked with him, orrdthonpuoh,buthomauutnl
student of current tendencies in economic theory, His forecast was
smasingly definite and correct.

A letter from H, Gregg Lewis conteins the following passagest

Whether in economics or statisties he began by building &
mathematical-logical foundation of theory - & model te serve as a frame
of reference for further analysis. He wss an extremely sble logician,
widely read and trained in modern philosophy, methematics, and the
patural sciences, He impressed upon Lis students the necessity for
thorcughly underste ding all the premisfes ujon shich the logical

model was builte

But he didn't stop with the siriet logiecal pattern; he proceeded to
show us how we could test the assumpiicns underlying it, first by 8 priori
reagoning ==~ im which he exhibited his wide renge of knowledge, and then
by statisticel techniques. Finslly he placed the whole pattern in the
broader scclal-economic matrix to which it referred, In this last step
he insisted that his students employ ile shole of the soecial sciences and
pophy. Nome of his studenis ever doubted that he was at ease in
practically ell fields of economics, & master of statistical techniques,
an aceomplished logiclan and sathematician, and widely read in the
natursal sciences, the arts, a8 well as the soeial sciences, And despite
the herculean amount of work he did besides teaching, he always kept



his lectures abresast of the most recent literature,

® ¥ #®

Schults was an untiring worker, forever driving himself =uch more
than any of his assistants. His omn work day was a twelve Lour cne
or longer, and his work week, seven days,

But more than any of these, Mr., Bchults was to us an unselfish friend
end adviser, He was always interested in all aspects of our personal
we.l«being, and never in & patronising way,

Jaceb L. Mosak uritess

The featherly interest shich he showed in me waa typical of the warm
interest he had in all who were associsted w«ith him, He always gave
freely of his time to sdvise, encourzge, and aid promising siudents.
Altogether he was one of the kindliest =:nd most warm-hearted of
persons whose {riendsh p it was my privilege to enjoys

* ¥ %

He al.ays welcomed, indesd insisted on, honest orit.ieim, no matter
how severe, He could discuss matters for Lours and, as

Professor Miilis seid, shed only light and nc heat, His ripe
Jjudgment, open-mindedness, and fairmess, his good taste and
tactiulness comusnded tl.e respect and admiration of all who

wers associated with him,

Of Behultz' striking personal charscteristics as seen by his
colleaguee at Chicago Professor Douglas writes im an interesting note,
I shall conclude with & list of Sehedtzty publicatione,
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Columbia Eniversity
i the City of RewPork

FACULTY OF POLITICAL SCIENCE

January 16, 1939

Professor Ragnar Frisch

Vinderen, Oslo, Norway.
Copy sent to Mr. D. H. Leavens
Mining Exchange Bullding
Colorado Springs, Col.

My dear Frisch:

I regret very much not having been able to
give proper attention at an earlier date to your three letters
ot Nov. 28(reply to Baster), Dec. 13 (Schuitz' death), and Dec.
2 (our discussion regarding marginal costs.) The first I think
needs no further comment.

The session at Detroit in memory of Schultz
was largely attended. From comments and letters it was plain that
his passing is sincerely lamented by a large number of those most
able to appreciste the present position of economic science. I have
already sent my manuscript, slightly enlarged by quotations from
letters which seemed to me noteworthy, to you and also to Mr.
Leavens, and recommended the publication of Paul Douglas' talk
and (in accordance with your suggestion) Schultz' photograph.

I agree with the modifications you suggest
in our notes on marginal cost; that ¥s8, the modification you indi-
cate in your sixteenth paragraph (since I take it we are now agreed
regarding the definition of marginal cost), with the deletion of
the corresponding part of my manuscript on "The Relstion of Prices
to Marginal Costs in an Optimum System;" that is, of the part
beginning on p. 6 with "The sixteenth paragaph of ..." and ending
on p. 9 with "previous paper (p. 267)." I enclose also one copy
of my new manuscript, "A Final Note," sending another to Mr.
Leavens. In accordance with your suggestion the four notes will
thus zppear in the order:
l. Frisch: The Dupuit Taxation Theorem.
2. Hotelling: The Relation of Prices of Marginal Costs in
an Optimum System.
3. Frisch: A Further Note on the Dupuit Taxation Theorem.
4, Hotelling: A Final Note.

With cordial regards, I remain
Sincerely yours,
E /

Harold Hotelling ‘
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June 7, 1939

Professor Ragnar Frisch,
Vindern,
0slo, Norway.

Dear Frischs
Your review of the work on replacement rates I have found

guite illuminating. It seems to me to help considerably in

élarifying the differences among the various treatments.

I have indicuted on the margin various minutiae which need revision.
Most of these appear to be mere slips in copying. There is one question
of principle, - I believe it wise tc include the year of publication
in all references, €. g., that to Norten on page 2.

I have not discussed this paper with Preinreich or with Lotks,
but I do not see how either of them could object to it.

I received also the carbon copy of your letter of May 9th to
Bain. Furthermore, a new MS, entitled "FThe economic life of
industrial equipment" has been sent to me by Preinreich, and
I have just finished reading it. He does not make clear whether he
plans to sent this paper to ECONOMETRICA. I am enclosing herewith
a copy of my letter to Preinreich, with remarks on this paper.

On account of my preoccupation with statistics, I think I shell not
write a pepr this year on depreciation. At any rate, don't munt upon it
and don't delay other people's papers on account of it. I expect to work
8ll summer on my long-delayed book on statistics and then in November go

to France and India to lecture. ¢

With cordial regards, I remain 3
Sincerely your friend, “ td W&,‘g,



June 7, 1989

Dr, Gabriel A. D, Preimreich,
17 Bast 424 Street,
Rew York,

Dear Dr, Preinreichs

I am returning herewlth your paper
"The economic life of industrial equipment®which I have read
with great interest. It seems to me to contain a good desal
of velusble material. In particular, the idea of infinite
chain of replscements which you have developed to me well
worthy of consideratiom. It is interesting that have in the
various dates of retirement an infinite number of variables
with respect to which the discounted profit is to be a maximum,
Under static economic conditions, or under economic conditions
varying in & preassigned { X the infinite chain seeme
to be merely mﬁn.{-d : at the problem to
I geve chief attention my paper of 1825 and to yleld

same numerical results.

2
e

g 2

I can now see how it is that you can in some cases
at & valustion of a machine that is higher than the cost, 8uch
cases seem to call for a limitation of the supply of renewals,
In that cage, the existing machines will have & scarcity value
which might enhance the value above the cost. This limitation
of supply of mew machines at the same price, however, violates
the assumption of static economic conditions which was made
explicitly in the relevant part of my paper.V The most
vulnerable part of this M8 is, I think, the first paragraph
on page 5. As to its Iiret semtence I think no one would
deny that the capital value of & machine might be greater than
1ts cost new, provided econocmic conditions &re changing
sufficiently. As to the last sentence of this paragraph,
®S8ince ne income #hatever can be had without the machine,
the entire value of the enterprise must be imputed to it, to
determine the proper date of scrapping,® tThis ergument might
be applied to declare that each essential part of an emterprise
hag a value egual to the whole. iany fallacies of this type
are cited by Bonbright in his treatise on value. The exsmple
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snd subsequent material on page 5 and the following pages make
the differences between the various points of view clearers

In distinguishing between market priee & and the value w of

& unit of product or, as I called it in my 1925 paper,

# theoretical selling price®, you may not have cbserved that in
that paper I treated the case inm which the merket price of the
product of the machine was given by markel gonditions beyond the
contrel of the ommer of the machine. As I pointed opt, near the
beginning of the paper, this is & case of somewhat limited
apolicability, in which the entrepreneur might find himself
"resting preesriously om the judgment of his competitors®.

It seemed to me that a more generally important problem was
that comnected with cost determination in cen tion with the
attempt to minimize cost or maximize profit, doing something
to the maciine rather than to the books®, It was in counnection
with this more general case that I used the ideas of unit cost
and unit cost nléks, mawmm-wrarulmmmtm
been applied in a slightly inexact manner to this problem by Taylors

In meny cases the market price of the product of & machine
has mo definite meaning because pothing ie actuslly secld woich is the
product of one nachine alone; the articles sold are the product of
many machines under the same ownership, eanch of shich is essential %o
the finished product. Even the price of the finished product may
well contain sn element of monopoly profit or remt in addition

ih indetry. == guch cases SRm% W, of the velue of the
product of & madiine as determined by external market conditions

) #The theoretical selling sriee" used by Taylor and myself
pecomes & practical teol in connection with cost sgcounting which
shoulid have considersable practical utility under these condit ons.
Valué sust be assigned to the service of a madiime by the omer

of a complicated industrisl plant on the basis of the best possible
alternative to that service, Under static economic and technological
conditions the best altermative to © sachine is typically snother
machine of the ssme kind. Phe problem of determining depreciation
is essentially that of comparing the values of machines of the
same kind, but of different ages.

The whole theory of value and of valuation indeed needs revision.
In particular, the role of marginal costs needs inereased attentionj
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thus instead of writi for the rent of & machine
Rt¥e xYlt)-0&)

as I did, or
w & (£)-E®

as in your paper, we might well write
(V= 0(g,t), on  wQR(g,t)- EQ, ¢

whetk q is the mumber of units of output at time t

and then obgserve that q is & function at the disposal of the owner
in his attempt to maximise the inw.l, or rather, a complicated
function representing his aggregete profit, in which this integral
appears, This is & decid e genersl approach to the problem
than by variation of T alone, page 17 your M8 states Wthe theory
of public utility regulation is thus quite definite and leaves no
room for equivocation®, This is so drastic & stetement that it is
quite likely to be challenged. I can, es g., imagine Bonbright and Hels,
who have spent many years of perplexity over public utility problems,
inclined to take exeeption to it on various grounds. My own feeling
in the metter is tit if the statement is true, it is true only as

& part or as a proposed addition to curremnt legal theory of

utility regulation, but it seems tc me that the entire basis

of this current theor; is extremely shaky and that it will
ultimately have to be discarded in its entirety in favor of

the operation of utility plants in the genuine interest of

maximum public service, &8 I pointed out in ECORCMETRICA, for

July, 1938, this means a fundamental and drastic change from

current theory and practice. The third paragraph on puge 25

appears somewhat strange, and likewise subject to possible
challenge.

There is one change ahich I should be particularly glad
if you would make, in view of a misunderstanding of ay paper
on Hemry Bchults, shich I am told has gained some curfency,
In the first line of footnote 14, will you please change
Beriticiem® to “observation®,

I regret that you are going away so seon that we shall not
have an opportunity for amother talk before you leave. I hope
you will enjoy your vacation. My eddress this summer is
Mountain Lakes, New Jersey.

Very sincerely,
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Ny Columbia Entversity

4 it the Citp of NewPork

FACULTY OF POLITICAL SCIENCE

September 15, 1939

Dr. Gabriel A. D. Preinreich
17 Esst 42nd Street
New York City

Dear Dr, Preinreich:

I am returning herewith the manuscript of the appendix
of your paper, embodying some remsrks of mine in an earlier
letter, with your replies to them. This all seems quite sultable
and I should have no objection to the publication of this
material. The various points involved would I think be illuminated
for readers by this discussion, and would add intersst to your
main paper.

I have received from Prof. Frisch a copy of his letter to
you of Aug. 19. Unfortunately 1 canmot remember sufficiently well

3 the relevant perts of your manuscript to make any intelligent

comment on the points he raises. In view of amy preparations for
my impending salling to India from San Franscisco I would rather
not try to settle these gquestions. However I imagine that the
matter is quite an objective one, and that you can arrange the
terminoclogy, etc., satisfactorily.

A copy of thie letter is going to Profecsor Frisch.

Very sincerely yours,

Harcld Hotelling
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The Bnivergity of North Carolina
Ingtitute of Statistics
Chapel BHill
DEPARTMENT OF MATHEMATICAL STATISTICS Janua_ry 3 ’ 19 47

Professor Ragnar Frisch
Vinderen
Oslo, Norway

Dear Professor Frisch:

I heard about the very bad time you had during the war
and have been intending for months to write to you to
express my gratification that you are now safely out

of it and my good wishes for the future. Please accept
them now although somewhat belatedly.

As you will obsefve, I have now left Columbia University
and have organized a new Department of Mathematical
Statistics within the Institute of Statistice of the
University of North Carelina. This is devoted primarily
to the development of statistical methods.

Mr. C. Radhakrishna Rao of King's College, Cambridge, has
gent me & quite—imgefious paper in which he undertakes

to answer a query which you propounded at the Oxford
meeting of the Econometric Society in 1936 regarding
linearity of regression., I am sending the manuscript

to Mr. Rao with several suggestions for clarifying the
presentation and am advising him, after doing so, to

send the manuscript to you for publication in Econometrica.

With cordial regards, I remain

Sincerely yours

Ml Netillg

Harold Hotelling
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The Wnibergity of Porth Carvolina
Institute of Statigtica
Chapel Bill

DEPARTMENT OF MATHEMATICAL STATISTICS f-.pril 1n!’ 1651

Professcr Ragner Frisch
Universitetete Socialgkonomiske Institubt
Oslo, Norway

Dear Frisch:

Tt 18 gZood to hear from you again, and to have your reflectiocns con the
inversior of metrices and solutions of linesr equations, ~

The inversion of & matrix of large order n seens necessarily fo involve
3 number of multiplications exceeding thet required for solving a system of
linesr equaticne by & factor of the order of n., Thie appears %o be true no
matter what method ie used, though the multiplier of n in this factor may be
made only slightly greater than one-half if sdvantage is taken of the symmetry.
However, it seems inescepable that the irvewsion of a large matrix involves
,onsiﬂe“ab]y larger numbers of arithmeticel opsrations then the solutlion of
the syatem of linear equationa. Purtharmore, the application of an iterative method
may mean that the required rumber of multiplicaticns s very large unless #
really good approximstion wss used Lo begin witi:,

This arithmetical 'difficulty 1s greatly allevisbted 1f £ good auntomatic
matir-iy multiplier is aveilabls, I have 2 'aﬂent,; been told that ths International
Rusiness Machine Corporeticn ncw has a really eificlent mechine for doing this
which, I think, they cell ¢ T C, but I heve 11tile detell regarding 1t as yet,
We shall probaily gzet cne for our Institute of Stetistics Lﬁb('”uflv.

With elestronic d'gitsl compubers it will be possible, according to John

von F“wmznn, to multiply together 2 pair of fifty-rowed square metrices In e
time which he thinke may be es little ee four minvtes, bhut which he says will
certeinly not in any case exceed twelve minutes, Moreover, 1t will be possihlc
to give such a machine instructions to make repsated multiplications of such
metrices, subetituting in the iteretive formule until an approximation to the
inverse of e matrix ie ohtalned wikh a&n error norm leses than & pre-sssigned

lue, All this can be accomplished without human intervention In & very brilef
time once the date snd the instructions sre <fed fmto the machine, I% 1s true.
that these electronis computers are not yet generelly available at lcw cost,
but the indications sre thst they willl be very soon,

Von Neumenn, who has spent mesl of his time in the last six yesrs on thia
subject, holds that with such Ligh-epeed ~ompubere the only good way Ho inverd
g matrix (and I think he would say also to scolva a large system of linear equa-
ticns) is by iteration, using the formula
(1) "4l Um(g-Acm)‘

Moreover, he considere thet the initiel epproximetion must, fer efficicncy, be
the seme for all matrices end proposes to use the identity mstrix for 1., Then
to sssure convergence, the matrix to be inverted ie divided by ite own trace,
supposing this matrix to be positive definite, a2 condition thel can be attained
readily through metrix mnltiplicetion, esven though the mebtrix criginelly given
does not heve this property, By this method, convergence is assuced, if only
the given matrix is non-singular,
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Where, as with you and me, high-speed electronic computere are not immediately
avallable, we cannolt afford to be so prodigel with matrix maltiplications, The
division by the trace, while guaranteeing convergence, has & tendency to slow down
the preocess in meny cases, and I do not think that ordinerily, with desk computers .
von Neumann'gé method is to be recommended,

In declding between solving e system of linear equetions and inverting a
matrix, the most important gquestion is as to the uses to be made of the resulta.
Here it is often forgotten, but should be borne in mind. in laying out the gomputa-
tions, that meny or even all of the elements of the inverse matrix are 11 tc be
wanted after the oquations are solved, and if the inverse matrix must be computed
ai that stage, insteed of at the beginning, the totel emount of time is increesed.
Thue, after solving thé normal equations of least squares, it ig usually eppropriate
to perform tests of significence amnd find confidence intervals, These stages re-
quire elements of the inverse matrix which ere alsc useful for numerous other
purposes connected with least sguares, including the studies of several predictands
with the seme predictors (as in the study of butter and merghrine prices); also,
in adjoining or removing predictors in other ceses; likewise in physical and engineer-
ing problems connected both with mechanicel snd electronic situatione in which large
syatems of linear equations eare to be solved, it frequently twrns out that either
the inverse matrix or its cenonicel form ie also needed, and hed therefore better
be computed before the equstions ere solved, insteed of afterward,

Incidentally, I find a very convenient wey of using the formmla (1) is to put
it in the form

(2) ¢y = ¢, +CyD,

where
(3) D=1 - Ac0 "

The reeson for this is if CQ is good epproximation, the elements of D will be guite
small and ere therefore spmropristely carried out to more decimsl places than those of
C
0'

Then the last term in (2) provides a correction to Cq which usually takes the
form of merely extending the mumber of digits in each entry to more decimal pleces.

Another advantage of inverting a metrix is the ready availability of a definite
upper bound for the errors in the elements of the inverse matrix snd in the unknowns
through the norm of D, as egth.imd in the 1949 Volume of the Froceedings of the
Berkeley Symposium, page +« There 1s no known corresponding bound for the errors
in solving systems of linear equations, This question of definite bounds becomes
particularly important where the mumber of unknowns is large since the loss of accu-
racy through the long-drawn-out direct method by rounding may then be great, while
-with iterative methods of solving equations the trisl solutions have a disconcerting
hablt of scmetimes appeering stable and then showing a wave of veriation, posgibly as
a result of computing errors,

- No method analogous to (1) is known for solving linesr equetions without invert-
ing the matrix,
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If you should chance to be in Great Britain this summer we may meet,
for example, at the British Association Meeting et &dinburgh, August 8 to 15.
With best wishes, I remain,

Eincerely yours,

/

Herold Hotelling,

HH/ jdo
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