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THIL PRINCIPLE OF SUBSTITUTION.
AN EXAMPLE OF ITS APPLICATION IN THE
CHOCOLATE INDUSTRIY
By Ragnar Frisch.*)
1. INTRODUCTION,

Various parts of economic theory are .:11 present emerging il.ll(~) a :nlll)z;
quantitative stage. Many principles, which so f:?r have becen .llml?:l‘lucle
guantitatively only in the abstract, are now‘bcmg con‘front(,( l“_l ohe
facls. Allemipts are being made al m asuring n'unu-ru-::ully l|.( , «.>I| "
at play within difinite fickds, for instance, within « ;,'1.\'(-11 ll.l-.l.l k¢ ‘ (]
in the technical production in a given industry or a glvxin. lllll.l, .llll‘(
so on. Many of the quantitative data which are being ulilised m‘l 1is
work are in themselves not novel. Some of lhefn have, lo.a SII.I.I‘”(‘,I;
or larger extent, already been ulilised a l()ng. time by engineers ..l.ll('
cost accountants. The particular way in which they :.m- n<f\v l)(m‘{.,
wlilised is. however, novel. By being interpreted in the light of mu(!cln
cconomic theory ey receive o new significance and throw m"w light
on the many problems which are of special concern o the industry
or 1o the firm and also on problems which are of a much .nmr(-, fzcm-ml
cconomic interest. On the whole this is a field of study in which the
engineer, the cost accountant and the economist have much to learn
v ach other. '

I“',;rllu-. :'ollowing is an example of this type of un:'llysis. It is a vm‘yﬁ
modest picee of study. 1 was originally made only 131 order 1o svr\:n‘:m
an illustration in connection with my lectures last sprmg. on productivily
theory. But it did arouse a certain interest. butlT with t.he slude‘nl‘s
and. not least, with the representatives of the firm ll‘ofn wlnc‘h the (]d.“l.
were taken. It may perhaps, therefore, be worth while l()' give a l)rm.l
account of it in the columns of Nordisk Tidsskrift for Teknisk (/)kon('n‘m.

The data were furnished by Freia Chocolade Fa{;rik, OSlo.‘ The
Managing Director, J. Throne Holst, and the Chief-Engineer, H. TIl‘rf).ll(;
Holst, have kindly permitled these dala 1o be used for the presen
purpose.

- ) H 1 f 1 4 '._‘ A.k.
1y Presented as Publication No. 10 from the University Institute of Economics Oslo

*) Professor, Dr., University of Norway.
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I am particularly concerned with giving a clear-cut presentation of
a case which shows how the principle of substitution works in practise
in a factory of the Freia type. In order to make the argument as definite
and simple as possible, I shall confine the analysis to one particular
aspect of the production process. The whole theoretical produclivity
apparatus, the notion of marginal productivity, the principle of sub-
stitution, clc. may of course be applied just as well within a part of
a given production process as to the process as a whole, This simply
means that the rest of the factors are considered as data in the par-
ticular study concerned. As an example I will consider a certain phase
of the production of ordinary nut chocolate for eating purposes.

The basic raw material in chocolate production is the paste (cocon
mass). Is is composed according to certain recipes. Each Kind of
chocolate has its characteristic recipe. The main parts of the pasie
are generally cocoa beans and sugar. After the paste is throughly mixed
it is heated and poured into moulds, subsequently these moulds are
brought into cooling cabinels (with temperature of between -} 17 and
2" ).

There always exists a certain risk that the paste will not {fill the
moulds completely. A certain number of the castings must therefore
be serapped. The essenlial fact from our view point is that the
probabilily of this scrapping is all the lower the more liquid the paste.
which in turn means the higher its fal content. The scrapping per-
centage may indeed be looked upon as o technieally rather well defined
funclion of the fat content.

The cocoa beans contain some fat so that the paste will also get a

. oy . .
cerlain pereentage of “natural” fat content. In the case of the nut choco-
late the recipe

as delermined by fhe taste type and other qualities of
the nut chocolate which it is desired to produce—is such that the paste
gets a “natural” fal content of about 30 per cent. that is to say 30 kilo-
grammes fal per 100 kilogrammes mass. With this fat content the
moulding is  exceedingly  difficult and consequently  the  scrapping
percentage very high. In order to increase the liquidity of the paste.
one therefore resorts to adding some pure cocoa fat (technically called
“butter”) lo the paste. The quantilies of pure cocoa fat which it is
here a question of adding are so small that they will not change the
character of the produce. Since the cocon fat is more expensive than
the rest of the paste, the cocoa fat may be looked upon as an economic
factor of production, which may be used in varying quanlities.

To study the effect of this factor of production we must consider
in more detail the effect of the scrapping. If a certain number of the
castings are serapped, they may. withoul any appreciable loss in paste,
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inumediately he thrown back into the liquid mass and remoulded. In
olher words, the only foss which the scrapping enlails is the work
involved in the moulding and cooling. For our present purpose it is
therefore convenient to consider moulding and cooling as one single
process. We shall call it the moulding-cooling work. If the scrapping
percentage is high, we may simply look upon ihis as meaning that
nuich moulding-cooling work is incorporated in the finished product.

Thus we have here a rather clear-cul ease where there are present
two faclors of production: 1) the addition of pure cocoa fal, 2) the
moulding-cooling work. These may o a certain extent substitute each
olher. The problem is: How far shall we go in this substitution? In
other words, how much cocoa fat will it pay to add?

Obviously the answer 1o this question depends in the first place on
the technical curve that expresses how the serapping percentlage varies
with the fat addition, and in the second place it depends on certain
ceonomic dala, primarily on the price ratio between ordinary paste
and pure cocoa fat and Lhe special costs involved in the moulding-
cooling apparatus.

2. THE DATA.

There are of course certain difficullies in getting an absolutely exact
determination of these dala.  This would involve prolonged and
syslematic studies of the individual processes conecerned and would
neeessitale a more elaborale cost accounting system than that which
is at present used in the Freia factory. A first approximation to the
neeessary dala may, however, be oblained. An estimale of the technieal
curve indicaling the relation between scrapping percenlage and fat
addition as delermined by Freid's experience is presented in Fig. 1.
In order to get an idea of the cost data involved we must make a short
survey of the various cost elements entering inlo the Freia accounting
syslem. ‘The various cost ifems perlaining to produaclion proper are
classified under the following flive groups:—

1. The cost of raw materials is in general calculated as an average
cost per kilogramme of the paste used for the parlicular chocolate in
question.  This average raw  malerial cost depends on the weight
composition, according to the recipe, and on the price which the faclory
has paid or will probably pay for the various component parts. A
new calculation is effected every new year and also each time an
essential price change takes place. During the war, for instance, the
paste price calculations had to be made several times each year. At
present the average cost of the paste which enters into the nut chocolate
is 105 are per kilogramme when no extra cocoa fat is added. The
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I1I. Running costs. 'These are expenses for [)()‘\VLil‘, coal. vul‘c‘r,.:‘l‘grli:;
gas, watchmen, depreciation of muchin?s: and I)lul(lmgs,' m_ld,l:(l::‘.;;d ,l;
for production (brushes, spaities, ele.). lh(‘se-C(Tsls,.l(m,..\u cnlf‘ bdwccn
a certain sum per kilogramine paste. No d‘lSllI.lCll()l.l is made .
the various sorts of chocolate, but a dislm‘chon is f)f cou‘rse4 (r;m( »
between the different processes. For moulding the f‘lgure is 4. ?lrfa
and for cooling 3.1 ere, giving a total of 7.7 ere per kllngr:nmn(f p’ls(

IV. General costs inchule office expenses al the central ‘:uhlmlmslil].ll-'
tion, salaries to engincers, e¢xpenses of .lh(: cendral sales ‘mf l)u‘)lrncg;
office (not including the expenses mentioned under Y.), .mzfmf enlec“]
of machines, etc. At the Freia factory interest on capilal is (.n \?pl
reasons not included, olherwise interes! ch:n'g.i(-s m‘lght I(: ‘lh.‘uv((‘.‘ ):lul\l
included, parily here and partly under l{umnng?" Cosls. .l 1: 'xj,u““‘w
Costs are also calculated wilh a cerlain average figure per kilogra
paste. namely, as follows:—

ini i o3 ore per kg,
Faclory administration ... ... ... .. 1

- ines R
Mainlenance of machines - ..o oo o0 >
Office expenses and other general CXPEnses . . l/ e
Tolal of general costs .... 23  ore per kg.r

. : . . . v of

V. Sales’ costs include expenses for warchousing and II.III(“II.I;., ul

he . i cansport  (truck  hauling,  railroac

finished products, and oulgoing transport g, T

charges, ete.). Turther, the sales costs proper:- agenls, | ity,
arges,

samples and loss on customers,

3. THE COEFFICIENT O SUBSTITUTION AND THE POINT
OF PROFITABLENESS.

These figures will determine how far it ‘puys to go in the 'dir‘ec:in‘n
of adding cocoa fat. To muake the connection ‘(:l‘v:n' we ‘?]ml.l ll‘l‘lf()(. uc,S
the following two  cosl-cocfficients  (“coelficients  of  fabrication
reckoned in money):

wy == fal cost per Kilogramme finished paste.
w, == moulding-cooling cost per kilogramme finished (not
-
scrapped) paste.

The fal cost has to be reckoned as follows:— ]f to one kilogmfnme
of the original paste (where no extra fat is :ldd(.}d, we a.dd v 'kg. (,.nl?()a
fat, we get 1 -+ v kg. paste. And the raw material cost for this .[l)or'll“(l)r;
will obviously, according to the above data, be 105 -+ 1550 ore. ]
average cost of the new paste will consequently be
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105 4155
')]—*: o dre per kg.

The additional price per kg. paste which is caused by the fat addition
will consequently be:
105-1- 1550 50 0
1 w = ‘ S 105 -
M P io 1 {»
This is the fal cost coefficient.

In order to determine w. we first have to compute the moulding-
cooling costs on the assumption that there is no scrapping. These will
be: First 15 ore for direct and indirect abour costs, then 7.7 ore running
cosls, and finally a part of the general costs. In order to determine
what part of the general costs should be allocited to moulding-cooling

- we notice that the factory adminisiration and the depreciation on 1he

machines will increase approximately proportionally 1o the volume of
the moulding-cooling operations, while the office expenses at the central
administration and the other general costs will he approximately
unchanged. The additional moulding-cooling ought therefore to he
allocated a cerlain part of the first two items of (he general costs
specified above, viz. 3 4- 2.7 are per kgo What part of this 5.7 ore shall
be taken into consideration ¢ Obviously, not the whole 5.7 ore beeause
this has reference Lo all the various processes. The accounting svstem
in Freia is not organised in such @ way that one can sce directly what
part of the 5.7 ore is attribulable to moulding-cooling, but we can get
a sulficiently accurate estimate by a pro rata allocation bused on the
labour costs. From the above data will be seen that e labour costs
involved in moulding-cooling constilules 1542 of the tolal Iabour costs.
We ought therefore 1o allocate moulding-cooling with «a general cost of
15/42 X 5.7 ==9 ore per kg. paste. Of the cost mentioned under 1 and
V nothing will be attributable (o the moulding-cooling operation. The
total costs involved in this operation will consequently be 15} 7.7 |- 2
----- 24.7 ore per kg. paste.

If the serapping pereentage is equal 1o h, this means thal for every
kilogramme paste which is pul into the process, and whose moulding-
cooling cost is 24.7 are, only a finished (not scrapped) quantity of 1-h
kg. comes out. The moulding-cooling cost per kg. finished paste will
conscquently be:——

) — 24.7
N 1 - hip)

where now ni(v) designates the serapping percentage h as

a function
of the fat addition ». This function is given by Tig 1.

To every

92
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magnitude of v one can by graphic reading in Fig. 1 (lctclrn(l;)leb(t)llls
corresponding magnitude of h. This mc:}lrls”lh:;tll)‘);m(illg“::ni:' 2 e
i pe . For instance, if the fat ¢ s 0 =002,
lt‘;lxe";'l:;lt “():;sv:ll\lvi(:;’plt:':"lw(:"——i 1}1.02:‘—0.98 and the scrup]')ing pcx:ccnl:lg;:
will by Fig. 1 be h = 0.20, and conscquenily the moulding-cooling cos
= == 30.875 ore per kg. o
uh’l_l:i??lgl?l(:x d?)onnl yel ;,Ev«-, uf;\y information as ln' whullu‘-,r 1.I.l'w_:2
pay lo add the fal or not; this we gel un.l_\' by C()Illl):.ll'llfg?’ Il;:}:s:‘l |g§llll;Le
with the corresponding figures that prev:ul_ when no t'at is added. e
with a fat addition of zero there is practically nothing but slc;::Pp] (,E
we can see without any computation that l?lf} above fatl 1.1( (‘; lé)(lmwg
0.02 will be more profitable than no fat addition. ]}ul \.v N_]TI: N ,‘,S;
to asking whelher it will pay lo add more lh:ll‘l ().~()2., ‘m .l,)(/l,f‘llll .“ ,N.}:
we must be guided by the run of the figures. For instance, wi pi

9
== ? This new alternalive gives h == 0.06, w, = 101"
to add vp==0.042? Tl
2“7 77 < ' O l W
: 262 o per kg o other words,
1923 ore per kg, .- 0,94 26277 ore per kg

see that w. has declined much sharper than w, has gone .u.p.l ,1(:[':):(;
crease the fat addition from 2 kg. to 4 kg per 1'()() kL: is .h’(),sr.[(';l”“.
decidedly profitable, We express il Inv. snymg that it pavs to subs
the l':u',h‘)r moulding-cooling with 1he faclor Inl ultitation
In order to measure the strength of this pr.uhluhlvn(:ss of su ;h‘l l‘l. ",
we can simply compare the increase in w, with the df‘cr(tuw,(‘lhf., l.slml
ay with the negative incerease) in w.. Let d .lw anineremen :I}HT l
snk that dw, designates the new magnitude of w, minus the old, anc
similarly for dw.. In the present case we havei—-

divg == 1.923 — 0.98 : = 0.943 Ore per kg.

@ dw, == 26.277 — 30.875 : = — 4.598 ore pr. kg.

M 2 I O QO N ¥ lllt
Here dw, is positive and dw. negative, which expresses the fact tlI«
w, increased and w, decreased. We now lake the ratio belween dw,
! - b . .00’.' .,...-. . (‘
and dw. and change signs in order lo get a positive coefficient, in other
words we form the ratio

() o e — 0

: o “-943 ==(.200. This ralio we call
In the present case we have S12 77 g p e = 0,205, s

[ : 2 at is to
the substitution coeffcient beween factors No. 1 and No. 2, that is

H M " F o . iy BN 8Os 'I"',
say hetween fal and moulding-cooling.  This coefficient expresses I
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much cheaper it is to use factor No. I (fal) than fuctor No. 2 (moulding-
cooling). More preciscly the coclficient s, expresses how much we must
increase the expenses for faclor No. 1 {(fat) in order 1o save Kr. 1.—.
of the expenses to factor No. 2 (and in such a way that we obtain the
same production result as before). For instance, when $12 =0.205 as
above, an increase in the fat cost of 205 gre can save a moulding-
cooling cosl of Kr. 1. . ‘The above argument shows mmediately that
it pays to increase the use of fat as long as the substitution coefficient
is less than unity. Now from the above dala it follows that the sul.-
stitution coefficient increases as the fat addition increases. There will
consequently come a point where the subslitution coefficient passes
wnity, and this is just the point where it will be profitable to stop.

If it is desired o determine the point of profitableness exaclly, the
above computation should be sligtly refined, viz. as follows. The above
value of the substitution coefficient 0.205 refers to the interval between
UFE0.02 and v =004, In other words the value s.,::0.205 refers 1o
the interval whose mid-point is v = :0.03. Fo use the mid-point of the
interval is particularly desirable when we want to study the continuous
ariation of the substitution coefficient and we want to determine the
point of profitablencess exaclly. Suppose, for instance, that the sub-
stitution coefficient for a certain interval is less than unity. ‘I'his means
that the upper limit of (he interval is more profitable than the lower
limit (for instance in the above numerical example the point v ==0.04
is more profitable than p == 0.02), but this does not of course exclude
the possibility that there s some point in the interior of the interval
that is still more profitable. It may indeed be that the profitableness
has increased in the first part of the interval and decreased in the latter
part, the decrease being only a little less than the increase. If the in-
crease in the first part is practically equal to the deerease in the latier
part, the substitution cocefficient for the whole interval would turn out
to be virtually equal to unity, and in this case it would be o fair
approximalion (o say that the exact point of profitableness ‘is  the
mid-point of the interval. We an, therefore, express the aboyve rule
more precisely by saying that i Pavs 1o stop i a point that is such
that the substitution coefficient computed in an interval around this
point (with this point as a mid-point) is equal to unity. If the substitu-
tion coefficient thus compuled is less than unity, it pays to increase the
use of fat. In the opposite case it pays to decrease it.

To determine the exact point of profitableness it will therefore be
well to compute the substitution coefficient for a number of
allernatives. For the inferval D=20.04 1o p= 2006, that is to say for
the interval aroand o - 0.05 we find the following figures. On fhe

other

9



20 The Principle of Substitution

upper limit of the interval we have h==0.044, w, == 1.06 ==2.83 ore
247 0.907
per kg., w,== 0.956 25.837 ore per kg, consequently sy, == 0.440

= 2.06. In other words, already for the interval around v==0.05 the
substitution coefficient is grealer than unity. Similarly we may
compule the substitution coefficient for the intervals around v == 0.035,
0.040, 0.045. In doing Lhis we get the points shown in Fig. 2. By
interpolating a curve through the points computed and making a
graphical reading we find that the substitution coefficient passes unity
in the point p == 0.0435. A fat addilion of 4.35 kg per 100 kg. paste is
therefore the most profitable.

Obviously the above definition of the point of profitableness amounts
to the same thing as to delermine a point where the sam of the two
cost coclficients w, and w. is the smallest possible,

In table 1 is given a resumdé of some of the figures. This table ulso
expresses low much is lost by not vsing the most profitabie addition
of fat. Expressed per kg. the saving is not very large, but on a large
production it cerlainly amounts fo a sum that is not negligible. For a
production of 000 1ons, for instance, the difference belween an addilion
of 3 ke and the most profitable addition is nearly K. 8.000.

.

Table 1. Resume.

i
CFal cont per | X
I cooling cosl

Moulding-

| !
“al addtion | . Loss by nol
bat kg, of the |

per 1o kg 1 Serapping e (ot il’.cl" kg of the n all using lhc.-
of the orig- | percentage serapped | finished (not l maost prfvl‘xl-
inal paste ‘ product 3 serapped) ] E:lhlc addition
i i product ! |
i ! | i
100 0 g 100 hay | w, ‘ 10, Lo
ky | | dre per g ] ore per kg are per kg | re per kg
2 Lo20 % L 0es0 | 30875 51855 | 3.661
3 TR I LG | 27.506 25062 | 0.768
1, L6 | e 26277 28200 L o006
135 0 54 2084 26110 28194 | 0.000
15 L 53, s 26082 s 0.041
6 i 14 2830 1 25.837 28.667 1 0.473

It some simple rules of the differenlial caleulus are used, the
determination of the point of profitableness may also be earried through
in another way. which has 11 advantage ol deseribing the variations

The Principle of Subistitution

COEFFICIENT oF SUBSTITUTION

0.0% 0.04 Gonss 005
Fig. 2.

0.06

l.u a ‘mm'c continuous way, and avoiding the approximation involy

n using the mid-point of the interval of (l<-liuiliun‘l'nr‘ s 'lll';‘f) ‘l",(’l
ferential method s parlicularly applicable to casces whor; ]tl : I'(' ; o
data are determined with great accuracy \;\’(I* .I' it etermine. e
differential cocfficient of w, e N

determine  the
and w., with respeel lo p,

This gives:
5) diwy 50
o (1§ o2

() di, 217 I ()
do (T hooy

1\\"1(31'(; I’ (v) is ll!e (!il'ferenlial coefficienl of h(v) wilh respect to p
Clll‘n(: 1;: I;\];rdls 1r[l‘hzmsll;;ly (\xpressc;s the slop? of the tangent to lh(:
e in Fig. |‘m,(.h q;,(.(.p? "curve ?z (v) may simply be determined by

, A1 suceessive points on the curve in Fig. 1, and for

cach poi ! f
.poml re‘.l(l off the steepness of the ruler. The resulls of these
readings are given in Fig. 3. |

Paking the ratio between (5) and (6) we gel
(7) PR ([ll'l:= 2.02 (1--h (m)‘-’
dwy, — — I’ () 1 i
This formula expresses the
ol the slope curve in Fig. 3.
N(v) from Fig. 1 and I (v) fro

substitution coeflicient directly in terms
To every magnitude of p one can read
m Fig. 3, and inscrti i

) \ 7.8, ¢ s ng these values into
the l‘l;.{.hl member of (7) s,, as a function of p ¢ ]
curve in Fig, 2

an be determined. T
I TRIT H ) ) ¢
= was actually determined this

wav. The computations
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exemplified in (3) gives an approximation to the sul;s‘lllf}t;«‘u; :](]):“(f:;lr(‘l::
chile hose based on (7) give the oxaql value (1.)1()\1((( the ‘-
"Vhlk' “10" id Fig. 3 are exaclly drawn). Comparing the ('Ins( nf.ss(f;
:;:e[:;’;'prm;‘iln;alion we notice for instance l(il.ut llgllcv(::q:l;):“gg;:; in {3)
=0.: while from Fig. 2 a reading S ¢ .20, .
lc(}r}t:a :;preiizoo,i (5) and (6) may also be used lO.S‘h.(T\_V ;(l::)t lil:c"l‘m:::“‘
of profitableness defined, as the pmnll .Wh(‘“‘, .s,% |.)'.|::():”i.dﬂ.‘lS .
sume lime the point where the sum of the two cos :

V- 0.01 0.02 0.03 004 0.05
O | %:DDITI ON
O NS DN BN D

h'=-10 1 - — /

B IS S BV

E OF INCREASE
;;F/}TSCRAPPING PERCENTAGE

Fig. 3.
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. 1S ‘ll(‘, Slnd“(_’sl p()SSII)l(‘,. ]ll(](,( (], ‘ﬂkln., ”

of (w, -} w.) with regard to v we get by (1)

diog |y dioy

I —s0)
@ “do do ( !

div,
Since - °
do

: it al s, is equal to
that (8) shall be zero is the same as the condition that s, 1 |

unity.

epe ENERAL
A FHE ADAPTATION PROCESS FORMULATED IN GENERAM
s PRODUCTIVITY TERMS.

sidere s condition
is different from zero in the range considered. the con

lll(! ]Il(!“l(i(l (le\(}l() )(‘(1 .'Il)“&() 18 yar t](:lllnlll} ('l(l(\ )l(‘(] to ”\(' case
\\]l re one Studle lll(’ S stit Q0 ) Sll)lll >S h(‘,l\\ cen two 1(‘([0[5 . li
“h ulion l [s}} tie
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b b N . nve 1t for lllllldl(
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the same data as those which we have treated above may be analysed
by this more gencral method.

Above we considered the cost coefficients w, and w,, bolh being
reckoned as costs per kilogramme of the prroduct. This means that we
considered all the time a product quantity equal to 1 kg. and investigated
how the costs for this 1 kg. changed. Now we want to adopt the point
of view that we have given quanlities of the two faclors, fat and
moulding-cooling, and we want to investigate how large a product these
two factor quantities make it possible to produce. Of course, concretely
speaking, these two factors alone cannot produce the product; a number
of other factors are also needed. Ilowever, we assume that these other
factors are present in those quantities that are needed. In other words,
we only consider the limits that are placed on the product by the two
special factors here considered. To express these explicitly we may
say that the two factors considered create a cerlain potential quantily
of the product. What we want 1o investigale is how this potential
quantity of the product changes as a function of the two factors
considered.

‘The potential product quanlity we designate u and the Factor quanti-
ties Ur=w-wy and vy, =u-w,. In ihe present case o is measured in
Kilogrammes while veoand pyoare measared in ore (not in ore per kg
as e and wy). When we want o mvestigate how depends on v,
and v, in the present case we have to assume that the law of productivity
in these faclors is a pari-passu law. By this 1 mean that the law is
such that, if both factors increase in the same proportion (for instance
are doubled or trebled, ele.), then the polential product quantity will
also increase in this same proportion (that is to say will be doubled
or trebled, ete.). This assumption is already implicitly contained in
the assumption that the costs ean be expressed as certain fixed amounts
per kilogramme; this means indeed that we assume that these cost
figures do not vary appreciably if the product quantity gets larger or
smaller. If this condition is not fulfilled, for instance. if we find that
the running costs {amongst others deprecialion on the machines) are
different, according to when the production takes place in largerv or
smaller porlions, then we will say that we have an ultra-passum law.

Supposing now that the production follows g pari-passu law, we sce
that if we have at our disposal Kr. 1.0.56 to be used for fat and Kr.
275.06 to be used for moulding-cooling, we may produce a polential
product of 1,000 kg. This follows from the figures in the second line.
vader eolumns Nos. 8 and 4 of Table 1. But from this table also follows
that a product quantity of 1,000 kg. can be ereated if Kr. 19.23 is used
instead for fal and Kr, 262.77 for moulding-cooling. ‘Phis is expressed
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Sinni [ > r lines. This ma
in the third line of the table. Similarly for the other lmc.s.. 'l ly
iagr: Y 2ans soquants.
be exhibited graphically in a factor diagram by means ol fls “1[ e
H 1 d] W7o 2 ace i
A factor diagram is simply a dingram, as Fig. 4, where one f:

MOULDING - CO0LING WORK

300 +
U - 1000 KG,

“00] U= 750 KG.
100 +

U - 250 KG.

V, - 50 KR
FAT ADDITION
V4-5KR. 10 15 20 25 30 35
FACTOR - DIAGRAM
Iige. 4.

»

fat addition) is measured along the horizontal axis, and t!xc other !zltcl(i)lll'
(the moulding-cooling) is measured :110n{,-' the olh'er :}xns. lf‘x“plomtwo
this diagram represents a given ([u:unlilﬂtwf: comhmalfon of 1ese o
factors. An isoquant in this diagram is a line c:)nnectmg. po.mtts :lvfour
the potential product quantity is constant. In Fig. 4 urfa m|(|hc‘ai::m four
such isoquants. The above argument shows that we gel the isoque
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corresponding to 1 = 1000 kg. by mulliplying the figures in the columns
w; and w, in Table 1 by 1000. The two columns thus obtained will
simply give the abscisse and the ordinale respectively
in question.

But since the production follows a pari-passu law the knowledge

of any of the isoquants is sufficient to determine all the others. For
instance, the isoquant for u = 500 k

along the isoquant

8- may be constructed by drawing
from each point on the isoquant for 1= : 1000 kg, a beam through
origin and simply dividing this beam in fhe middle. Similarly, the
isoquants for u == 250 and =750 kg. can be oblained by dividing
these beams in the rations respectively 1 :4 and 3: 4. Similarly, any
other isoquants can be consiructed. The knowledge of these isoquants

and of the product quanfity attached to each of them means that the

product function u (n,, ) is graphically given. From this may then
be derived the marginal productivities

du du
"y . and u,

do - o,

The determination of  1he produet  function
algebraically from the formulae ()
the cost coefficients
and p. oare

can also bhe  made
and (2). The connection helwoeen
coand s and the corresponding sums used p,

. 4 v,
(4 1w, : w, -
u ‘ n

Therefore (1) and (2) can be written

S0
(1 " 1"
! | I
207
in o, n
- I — Nt

The last formulae may be looke
the isoquant u on parameter
generales the isoquant.

From (10) and (11) we find that there exist hetween

d upon as iwo equations that define
form, o being the variable pParameler that

the relative

factor combination and the parameler v the unique relation

. v .
(12 Ygam where gl 209,

- hon
., :

Iz
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If there are given two arbitrary values of v, and v, and the corre-
sponding quantity u cannot be determined with a sufficient degree of
accuracy by a graphic reading in Fig. 4, the defermination can be made
as follows. First one determines the value of the parameter v which

. . . . Uy e s .
corresponds to the given relative factor combination " This implies
9
a graphical reading of the eurve in (g0} coordinales defined by (12)
or a numerical solution of the equation (12) with respect to v. When

v is determined the product quantity is determined by

1-Lo

13) :
[5)) i 1 50 1

This last equation follows dircetly from (10},

From the theory of produclivity we know that the optimal relative
factor combination is determined by w, = w.. (If the factors had been
reckoned in technieal unils and not in money, we would have had lo
divide them by the faclor prices g and ¢, ie. the relation in guestion
would have been u./q, Coadgs) . Sinee the condition 1, U, CXPresses
that the substitution is completed, this condition must be identical with
the previously considered condition s, ==1. This can also be scen
direetly from the formulac. Indeed, let us in (9 consider o, and v,
two independent variables, w, and w. as functions of v detfined by (1)
and (2) where p in turn is a function of v, and vy defined implicitly
by (12), further w as the product function of v, :and p.. In order to
determine 1, we use the seecond equation in (9 and in order to deler-
mine a, we use the first cquation. "This gives

vy iy v v, dwg O

11) = — e 00y, L
( ! 1wt dv Oy = wit odo dny

Bul from (12) we get by differentinting with respect to p, and v,
respectively
oo ny

g’ (0)

o
, .
O, 0,” Ao,

dg ()

where g ()
9 do

1
0 . ? .
(1H) 0y g’ (v)

When this is inserted in (14) we oblain

1 dw, o\? 1 dioy
16) N [ e
® i g () w; dv th F (m) g’ () w; do

That is to say

u, (wz)2 ("1)2 dwy
mn, w, \0,/) o,
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o=
27
But by (9) w
9) we have v,/p, ==, ;
v C Uil == ws, which on ace .
(4) entails N aceount of the definition
(17) u,
u St2
1

Thfs gives an interesting interpret
It is nothing clse than the ratio
This shows at
condition s,, =1

l:llmn of the substitution coefficient:
whween the margi '
: > margmal productivitie
once that the condition 1, == ! o

i, is the same as (he

n n aru ¢ cond H l € Sll])slllll“()]l (
i n
lll()ll ‘()] a cot
] 1 va l'll)l(‘S h upl ‘l(‘(l J y
‘()l (& l)(‘ 1(" lnll]d‘(‘(l

(18)

an there-

uou, i,
instead of by the i

; o ¢ .
- \ more complicaled (and redundant set of conditions
(19

sij | for oll |, j.

Ragnar I'riseh.



