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On the Inversion of a Moving Average.

By Ragnar Frisch (Oslo).

At the request of the Faculty of Science of Stockholms
Hogskola I had the pleasure to act as opponent at the doctoral
discussion on Mr. Hermanx Worp's dissertation: »A Study in
the Analysis of Stationary Time Series>. Both the reading
of the book, the public discussion and a subsequent private
correspondance with the author, I have found very interesting
and stimulating. T have also had the pleasure to discuss to
some extent this matter with Professor Cramir. Some of the
points raised during our exchanging of views have been covered
by Mr. Worp in his note in this issue of the »Aktuarietid-
skrift>, but not all. It may therefore be worth while to add
a few remarks. I need not dwell upon the various merits of
the book, they speak for themselves. Here, T shall confine
myself to one particular point where some difference of opi-
nion still seems to persist, namely the significance of the
formula (255) in the dissertation, which is the same as (13)
in Mr. Worp’s note in this issue. This formula is intended
as an inversion formula for a moving average on a random
variable in the singular case where the characteristic equation
of the moving average has at least one root on the unit
circle.

The right member of the formula in question is a double
limiting process, I shall therefore prefer to write it explicitely
(1) 7 = Lim %im (@ e + a gy + -+ all) gy)

N—>®© N—ox
I omit the brackets {} since it is unessential for the present
argument whether we consider a given time series, or a ran-
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dom process that is capable of producing time series of a
given sort. The limiting process in N — which is to be carried
out before the limiting process in # -— does not converge
uniformely in 7, hence the order of the two limiting proces-
ses in the formula cannot be interchanged.

The formula as it stands does therefore nof tell us what
sort of numerical computations to carry out in an actual case.
In view of the non-uniformity of the convergency the approxi-
mation obtained by interrupting the double limiting process
will depend fundamentally on the particular way in which
the number of steps in one direction is fixed as compared
with the number of steps in the other direction. Mr. Worp
has not given any discussion of how this fact works out in

.the present case, not even a rough estimate of the remainder

is given. In my opinion it is therefore not justified to consider
the numerical computation which he gives in (263) of the
book as an example of the »application» of (253).

In practice the problem is rather the reverse of that indica-
ted by (1). In an actual case it will be more relevant to
start with a given finite N. But then the n-limiting process
becomes entirely unnecessary. One would then only ask for
some particular a-set to be associated with the given N (pos-
sibly a set independent of N). The double limiting process
and all the difficulties that go with it are thus avoided. The
fact that such a simple analysis is possible and even yields
considerably more than what could be obtained by Mr. Worp’s
method, even it it were carefully worked out with remainder
term, indicates, it seems to me, that the auxiliary b-sequence
of Mr. Worp is a very wriificial procedure in the present
problem.

The following is a discussion of the problem along what
seems to me to be more fruitful lines’. First consider as an
example the simple case

(3) St =— Nt — Nt—1.

' This was worked out on my way back from Stockholm Oct. 5. 1938,
except the final form of the solution of the minimalization problem, which ’
was shaped subsequently.
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Let .V be a given number and suppose that ¢, ¢, . .. 2r—»
are known. On the basis of this we want to estimate 2;. Let
k be some real constant and consider

(3) =g+ ko o+ B gy

To select the coefficients of the linear g-form exponentially
as in (3) is by no means the most effective procedure, but we
start by this so show exactly what is involved in Mr. Worn's
numerical example (263).

Consider the difference
(4) = ni — .

It is identically equal to
(5) 0y = — (] — Z‘) (7}t—1 =+ ]H][—g + e AT 17[_3') — kN N—x+1).

Therefore, if all the n—s are auto-noncorrelated random
variables with the same mean and variance, we get

(6) Eé=— Eny
~ . S ove 1 — k) + QF2¥+1 .
(‘) ﬁ(d/—lﬂaf)‘: 1)—{—];7 71”("7'—1?"/)2-

From (7) is seen what function of N % would have to be
in order to make the dispersion of dJ; the smallest. Further
(7) shows that for any function %(XN) such that simultaneously
k—1 and %Y —0 when N— o, the dispersion in question tends
towards zero, (if the variance of 7 is finite) and hence 2 be-
comes a converging estimate of 7,— Fv (when Ev is known). In
a recent letter Professor Cramér suggested £ =1 — 171; . It
follows immediately from the above that this gives a converging
estimate, indeed

= [(1 — 1/1’\*)1/ N]]/ YL VN 50 as Now,

No information about the nature of the function A(YN) is
contained in Mr. Worp's analysis, but without this informa-
~tion a computation for a finite IV (as done in his example
(263)) will not have a precise meaning.



221

Even with the complete information given by (7), the
exponential selection of the coefficients is not very effective
in the sense of yielding a small dispersion of the estimate
when N is given. The most effective selection in the general
case of an mn-th order moving average, is determined as
follows.

Let
(8) ge="bom + by + -+ bpaj—
Let N be a given number and consider with some set of
coefficients, a,, «,, ... ay the linear form
(9) N =g+ ayg1 + o+ ax .

The difference

{10) 0 = 3 — @y by e

is identically equal to

{11) Or==c M~1 + Gy N2 + -+ Cxpr vt

where
¢ = bya, + by a,

ey ="bya, -+ bya;, + b,a,

en—1 = byan—1+b aps+ - +lh—1a,

(13) Cx :,bo a; + bl Ayp—y + - + bl{“.v—hy for = k’ h + 1’ N
(h assumed = N)

ex+1="bax + byax— + -+ byax—ns1

exye=byax + byax—1+ -+ bpax—psa

CN+n = Z)]I ax

If the #’s are auto-noncorrelated random variables with the
same mean and variance we get



(16)  E@— E0P=(E+ &+ + ckn) Ely — En)

The problem is to minimize the parenthesis to the right
in (16) where the individual terms are given by (12) — (14).
These terms may all be looked upon as of the form (13)
provided we introduce the side conditions

(].7) (] = (e ==+ == a—-.'.l,_.}) p— 0
(18) (N+1=UANi2 =" = AN+) O

(For =1 the set of conditions (17) disappears). In other

words the problem is, with the side conditions (17) and (1R).
to minimize

Nih
(19) 0 = Z(bo a. + bl @:—3 + 0+ by, [(:_71)2 =
=1
~ N N
= /(3 (.uo - bg) + 2(,{02 e by + Z 3 Az Ay Uiy
r=1 =1 y=1
where
+ >

Uy == Wy = Z b:bere =0 b1s] + b bjejsr +-

+ bi—|z1 bn = automoment of &

(e, = 0 for |z| > 7).

In addition we need some side condition which will exclude
the trivial solution «,= @, =---=ay=0. The selection of
such a condition is essentially of the same nature as the
selection of a given direction in which to take least squares
in the regression theory of (h + 1) variables. We adopt the
condition

(20) ay=1

Thus a,,a, . .. ay are the independent coefficients to dispose of.
From (19) we get
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1o G
Al :
(21) o o 2; Wy Qg = Uy U -+ wy ([I;r+1 + d'x—l) + -+

=0

+ wn (tpsn + o)

(z=1,2...N)

This shows that the cxtremal series a. must satisfy the 2h— th
order difference equation

(22) to @ + i (@1 + ) + o+ pp(@esn + @) =0

with the 2h initial conditions (17), (18) and (20). This deter-
mines the . series completely.

That this series actually furnishes a minimum is seen by
noticing that

L so
20a,0ay

(23)

= Hy—x-

Apart from the factor ; the matrix of the second order deri-

vatives for x=1,2...N, y=1,2 ... N (the independent
a-coefficient) is thus a moment matrix namely the moment

matrix over z from — x to + o of the N real functions of
2,201, ... b:rx, hence the matrix considered is positive defi-
nite.

The extremal conditions may also be written
e
2 A:plr—= — gue (x=1,2, ... N, but not z==0)
=1
Inserting this in (19) we see that the extremal value of @ is
.
(2'1’) q)miu = dy Z" Ay Ly — (I?) b?)
=0

The above solution is applicable to the inversion of a
finite order moving average of a random variable no matter
how the characteristic roots of the weight system of the
average are distributed, inside, outside or on the unit circle.
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LExample 1.
St =— Mt — Nt—1
Here h =1, u,=2, pn,= — 1. The difference equation is
pey — 2a; + ai—1 =0 i.e. A*a,=0. Apart from an arbitrary
function of period 1, which is here unessential, «. must
consequently be linear in x. Further ¢y==1, ay:+; =0, thatis

z
25 ] —
(22) a=l=v
Finally Fdr=[(1 — 1)(ao + -+ + ax) — 1] Eyy= — E1. Therefore
N 1 1
(26) ne =g + (].ﬂj\; +'1’) St ey
is the most effective estimate of 7 — L7 when .V is given.
1 1
; R WY PR S I S imat -
Since @iy = 2 (1 Vi 1) 1 YT the estimate con

verges as N— .

FExample I1.

Gt =t — 2m—1 + N—o.

Here h=2 u,=6, u; = —4, us = 1. The difference equation
18 @ogo— 401 - 6w — ddey + s =0, i.e. NA*a,=0. Con-
sequently (apart from the unessential periodic function) a. is
a third degree polynomial satisfying «—,= axi1=ax;2 =0,
a, =1, that is

» x x
21 =z + LA | N N
(27) a, = (xz + 1) (1 e 1) (1 \ :)

Finally £d; = (1 — 2 + 1)(ay + -+ + ax)—1) E; =—E7. There-
fore

(28) ’m:Qt-%- 201 — — 1 1— 1 ‘“£_1+""+***2 Ct-N
N+1 N2 N+27r
is now the most effective estimate of 7 — Fy. Since @Dpy, —

:6—42(L—m3-- L—~lw)+31f-m%~ -2 )
N+ N+2 Nt N+2

2 2 4 .
— 1= - —— the estimate converges

2
e e e el
N+1 " N+2  (N+1D)(N+2)
as N—w,
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In both examples the most effective estimate is the same
as that obtained by solving the difference equation in question
by an elementary — and indeed exceedingly simple — recusr-
rence process. TFor instance in the example T the classical
recurrence scheme gives

(29) Ny = Sr+ C

where 7' is any of the points ¢, ¢t—1,..t—(N+1), Ca
constant independent of 7’| and St the known function

(30) Sr=g¢r+ ¢+ + c—x (conventionally Sy = 0)

Thus, if the g-series is known, the #-series is also known,
(not only in the stochastical sense but exactly) apart from
an additive constant. The problem of estimating any part:-
cular 1 ts therefore simply a question of estimating the constant
en question. This estimate follows immediately from (29) if as
an estimate of Kv we take the average of 5r over all the
(N + 1) available T values before . This gives

Se—1 + -+ Si—v+n) _

O probably = Jy — =7 o T2

— Er— Gr—1 + 29‘*2 + -+ i\rgt—)'
" N+l

and hence

1
(31) nt — En probably = ¢; + (1 — ?ﬁ) g1+ -+

+{1— J7>
N1)s

which is the same estimate of 7 — E7 as (26).

It should be noticed that it is not possible to arrive at a
set up of the form here used, with a finite N, (which after-
wards may be made the object of simple limiting process) by
starting as Mr. Wowp does from an auxiliary sequence
b, b ... B and inserting this in his (255).

15—238632. Skandinavisk Aktuarietidskrift 1938.
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