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"NUMEBIGAL DETERMINATION OF A QUADRATIC
PREFERENCE FUNCTION FOR USE IN
MACROECONOMIC PROGRAMMING

' INTRODUCTION.

- Before one can entertain any hope of being able to apply success-
fully linear or quadratic (or more general forms of) programming to
macroeconomic problems, one must have available a method of ac-
tually determining in concrete numerical form the preference function
_ that will express the desires of the responsible political authority at
__the top level where the ultimate decision regarding the macroeconomic
programming must rest. ‘

" A method for determining such a function must not only be based
on sound theoretical principles in harmony with the analytical model
and the programming technique, but it must be worked out in a form
~ which is practical enough to catch in a reasonably short time and with
- areasonable burden of interviewing the desires of the responsible po-
_ litical authority. I have more and more come to believe that an effec-
tive method of organizing the co-operation that is needed between the
political authorities and the analytical technicians for an effective de-
termination of the preference function is one of the most important
aspects — if not the most important aspect — of macroeconomic pro-

+ - At the Oslo University Institute of Economics considerable effort
has been directed towards working out a technique for preference
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function determination in the macroeconomic field (). In the sequel -

a brief account will be given of some of the most promising possibili-
ties. On the basis of our experiences with interviewing of responsible
politicians according to our technique and the actual construction of .
the ensuing preference function, I am confident that the problem can
be given a practical workable solution if a sufficiently careful analysis
is made in each case.

" 1 am responsible for the theoretical framework and for drawing
up the main lines of the interviewing technique. In the working out
of details, performing the actual interviewing and supervising the nu-
merical computations three men of the Institute staff have given their
wholehearted co-operation: assistant professor Hans Heli, research
associate . J. A. Kreyberg and chief of the computing and technical
unit of the Institute Mr. Sven Vigger. Without their aid it would have
been impossible to carry the work to completion. “

The following are the main lines of reasoning that have been fol-
lowed.

First as to the nature of the preference function (2). In principle
the preference function is an indicator of choice and so we are facing
the same problems as in the general theory of choice. Incidentally, this
means that whatever methods we can develop for actually determining
the preference function to be used for programming purposes, can very

() The details are available only in mimeographed form, mainly memo-
randa (in Norwegian) from the Oslo University Institute of Economics and
some memoranda (in English) from the Institute of Statistics, Calcutta, pro-

duced during my stay there from the fall of 1954 to the spring of 1955. Cer-

tain.aspects of the problem are discussed briefly in Formulazione di un piano

di sviluppo nazionale come problema di programmazione CONVESSA. (Il caso
del piano indiano), « L’'Industria», n. 3, 1956, Milano, and in Programme co7-

vere et planification pour le développement national, Colloque International

d’Econometrie, 23-28 Mai 1955. Publications du CNRS, Paris 1956, and in Macro-
economics and Linear Programming. 25 Economic Essays in honour of Erik

Lindahl, Stockholm 1956. Also memorandum of 10 January 1956.

(% Other names that might be proposed are: (1) « Welfare function». This
1 do not like in this connection because the function in question does not meas-
ure the welfare of the population but the whishes of the politician. (2) «Ob-
jective function». This I do not like because it indicates that certain fargets
are set (somewhat in the manner of targets in a national budget). The essence
of programming is just that to begin with targets for individual variables are
not set at all, but the viewpoint is «what would you prefer» if such and
such things were possible. (3) « The pay-off function ». This I do not like because

it attaches the problem too much to the idea of purely pecuniary gains.
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llkely' pe a.ppl.icable more or less in the same form to the determination
of utility indicators for instance in a consumer market

Simp{;}y(i);ge; Stscl)1 nr:uil'{e headway it is necessary to make some sort of
fanmio g assu ptions .of the mat'hemat.lcal form of the preference
. . processing of the interview data it is impossible to
assume that the preference function is linear, i.e. the marginal pref

- ences constant. In the processing some form of non linearity mlt)ist el?
assumed. We have assumed a quadratic and partitioned function Some
remarks are also made about a cubic preference function .Wh ;
we afterwards are going to use this function for programming p;lrpos::

- we may perhaps decide to approximate it by a linear function as long

?ﬁwe move in' the narrow confines of a given locality. But that is a
itierent question which has nothing to do with the numerical deter-

, mination of the preference function itself.

Second, as to a general principle for determining the numerical

characteristics of the function. We may use dichotomic questions. These

;;‘e questions where the alternative sets of values of two of the varia-
‘es are compared with a view to fixing indifferent sets of values. We

~adopt the rule that no answer « indifferent» shall ever be utilized

v(.)nIy clear answers «yes» or «no» should be taken into consid
tion, 'By changing successively the value of one of the variables‘i etl:—
q1'1estlon, we can obtain an indifference range or threshold rann (e
¢ just noticeable difference ») with a « yes» answer in one end fﬁd Z
:(1 no» answer in the'other end such that it is impossible further to
ecIjease .the.range without getting « indifference » answers. This gives
fm illuminating expression for what might be called the perce gtibil
ity (?f t.he variable from the preference viewpoint. The mid oipnt ;
ﬁ?le mdlffere.nce range will enter into the computa;;ions and thern:-
tive expressions for the preference function obtained :t)y using th
upper and lower limits of the indifference range will in«:iicateg hov:

_much the preference function is to be relied upon. Systems of dichotom-

;lc questior}s arg worked out with or without checks. These systems
) :}redcexjtam p01r.1ts In common with the systems of Latin squares, and
1s device may indeed be of some help in a certain phase of the work

:): (;hflf?t?mic questions. These aspects of the problems are discussed
; etall in a number of special memoranda (in Norwegian) from the

Oslo Institute.

. Third, wh'ile it is ‘in principle possible to cover the whole field by
system of dichotomic questions, the type of reasoning which is in-
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volved in such questions is rather different from the interviewed
individual’s own way of thinking in daily life, and so this type of ques-
tion will put quite a burden on him, and great care must be exercised
in the formulation of such questions. As far as possible one should
therefore try to replace the dichotomic questions by distribution ques
tions. In such a question the assumption is that a certain total (for
instance the net national product, or the total of gross investment etc.) -
is given and one wants to know how the interviewed person would
like to see this total distributed over a number of items that together
should make up the given total. It turns out that data of this sort are -
not sufficient for building up the complete preference function. Even if
all the variables that enter into the preference function are summa
tive (%) in the sense that they are items in a list whose total has a good
meaning (and may, if we like, be taken as a datum in the interview
questions), there is one constant in the preference function which re-
mains undetermined. To fix it at least one dichotomic question must
be used. And if two dichotomic questions are used, we get a check
(and more checks if several dichotomic questions are used). If not all
the variables in the preference function form one summative whole,
but fall into a number of distinct groups, all items within a group

. BASIC NOTATION AND THE ELEMENT OF ARBITRARINESS IN THE PREFER-
ENCE FUNCTION. '

Tl'le p'reference function contains an element of arbitrariness in
two directions: first with respect to the formulation of a program-

mu;g problem and second with respect to the amount of information
which a set of interview data contains.

First with regard to the formulation of a programming problem.

Let there' be = independent variables — basis variables
Zw Zv...Tw and m dependent variables x; given by (%)

@1 ; = b, j '
(2.1) x; bjo +k=“2‘.‘wb,kxk (j=12...N where N =n + m)

szt the preference function considered as a function of all the
N variables z;...zx be

(2.2) Flz,...zy)

with the free marginal preferences

. . -~ (2.3) po— OF(z... v
being summative to a group total, but no summativity relation existing S G=12...N)
between groups, at least one dichotomic question is needed for each Lef !
group in order to link it to the other groups.
(2.4)

Fourth, the method may be applied in a pyramidal way. This
means that if a preference function is first constructed for certain
macro variables, and if any of these macro variables may be looked
upen as a sum of a number of items, then we can through an addition-
al set of distribution questions concerning these items, introduce them
into the preference function to replace the macro variable we had
before. In other words we can dis-aggregate the preference function as
we feel the need for it and see fit to collect the necessary distribu-
tion data.

(2o, 2. .. 24)

~— apart from a constant term — be the function of the n basis varia-

bles, whi.cy is obtained from (2.2) by inserting from (2.1). Finally let
the conditional marginal preference be i

(25 I (S
2 b= (k=wu,v...w)

. I}'x what follows we shall most of the time consider the preference
unction (2.2) and the free marginal preferences (2.3). They are the

.relevant concepts to use in interviewing with the.purpose of construct-
ing the preference function numerically. A

These various aspects of the method will be considered in the f
sequel. .

() 1 use the term summative rather than summable in order not to cause
confusion with summability in the sense of infinite series or functions (sum-
mability in the Borel sense or in the Cesaro sense ete.).

" . .

‘Th()MTI;e' notation here is the same as in (1.1)- (1.10) in the memorandum
o e Multiplex Method for Linear and Quadratic Programming » of 21 Januar
‘ 7 from the University Institute of Economics, Oslo. Y
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The optimum point set for a programming problem will not be

TAB. (3.1) - Distribution of the gro ti
changed if instead of the preference function (2.2) we consider the gross national product of Norway.

preference function P Lo
Actual distribution referred distribution had gross nat.
in 1048 prod. been 96.5%, 100.0% etc. of the
(2.6) Q)(-'L'l . Tx) actual 1948 value 27.5
. ) . . : Milliards | Percent- I
which emerges after making a monotonically increasing transformation - of Kroner | ages Y (1) (I (IV)
on the function F. That is to say a transformation of the form 1. Private con .
. sumption 15.6 56.7 55.7 57.8 58.9 60.0
2. Government = consnmp-
=Q tion (includi
2.7 ¢ (F) !.nc uding defence) 28 10.2 10.2 106 1 s
; 3. Grgss investment, private
. . . . . an -
where Q is a continuous and everywhere increasing funf:tlon of one glusivf"i?'"fi,i','.;es‘?,, A
variable, but otherwise arbitrary. It is clear that any point that pro-. inventories) 95 345 32.0 33.0 34.2 355
duces the maximum of F' under certain constraints will also produce 4. Export surplus —04 | —14 | —14 | —24 | —o07 09
the maximum of ¢ under the same constraints, and vice versa. For a TOTAL 275 1000 !
given programming problem it is therefore immaterial whether we use ] ) %65 100.0 | 1035 107.0

F or ¢. The only thing we need to know is the indifference map and
the numbering of the indifference surfaces. Obviously this will be the
same for F and ¢. The reasoning regarding F' and ¢ is exactly the same
as in the classical theory of choice.

’1.‘he data in tab. (3.1) were obtained by actually interviewing :
?ron.nnent Norwegian politician who has carried a geat responsibi;
ity in shaping the economic policy of Norway. In the two first col

umns of tab. (3.1) are given the actual distribution in 1948, Ir
.tITe' column (I) is recorded the distribution which the interviewed.pol
itician would prefer in case the gross national product were only
9?.5 per cent of what it was in 1948. Similarly in the column (II) is
given the distribution which he would prefer if the total were to b;

‘fequal to what it actually was in 1948, and so on for the two remain-
ing columns.

When we are attempting to determine a preference function from
interview data, we must therefore remember that it is not necessary
to reach any special function in the class of functions with the indiffer-
ence map in question. We only need to focus our attention on those
properties in the preference function which remain invariant under
an arbitrary monotonically increasing transformation.

In particular we may notice that if we assume a linear prefer-
ence function, that is a preference function with constant free marginal
\p‘references, or even if we assume a marginal preference function with
free marginal preferences that are linear functions of the variables, we
have assumed much more than is strictly necessary to define the opti-
mum. It may nevertheless be a computational advantage to make such
specifications because this may allow us to process the interview data
in an easier way.

‘ Tab. (3.2.) gives the result of similar interviews for the special
- 8roup gross investment distributed over 9 sectors M.

It? principle there is no immediate connection between the al-
temat%ves in tab. (3.1) and tab. (3.2). The preferred expenditures for
gross investment may, of course, not change proportionally to the giv-
en changes in gross national product and even if they did, we need
flot use these percentages in the interviewing on distributio;u of gross
-Investment. On the other hand it may be an advantage first to for-
mulate and have answers to the question regarding distribution of
gross national product as exhibited in tab. (3.1) and then afterwards

3. THE NATURE OF DISTRIBUTION DATA.

Tab. (3.1) gives an idea of the kind of data one will get by
asking distribution questions for a main group such as the four items
indicated in the gross national product.

(1) These 9 sectors are.the same as t

hose gi i .
features given in the memorandum « Main

of the Oslo Median model » of 10 October 1956.
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TAB. (3.2) - Distribution of gross investment in the following sectors.

S ——

!
| .
i Actual dis-!

Preferred distribution had total

!1 gross investment been the indicated
i tribution i percentages of the actual 1948
' in 1948 | value 9.5.
Percen- \ ] T —
e @ | @ L o
o R n R B
1. Investment in extractive industries | 0p | o5 | 00 } 00 00
excluding mining % K é 1 |
in sea transport and | | | 950 ‘ 250 265
2. Investment in ¢ & 280 | 25.0 5.
whaling % E E i
i ing indus. |
3. Investment in manufacturing in | | |
tries producing for the export | 5.0 1 60 | 60 ! 65 20
market i % | !
4. Investment in land and aif trans- i 8.0 1 o5 | 100 i 105 105
' port, post and telecommunications- ‘ A | l | |
. . . o | ‘ ; |
. Investment in mining and in man | 1 | 5 |
5 uxil'-:cmring industries producing ] !‘ 1 i i
capital goods for the home marl.:et E , i | |
(capita)l goods used by Norwegian | 50 & 0o | 100 ‘ 105 } 1o
sectors $ | 1
. . | ; | !
tment in manufacturing 1n- § % | [
6. {;:::ii:;, producing consumer goods i 50 x‘ 25 | 50 l‘ 50 | a0
for the home market | K ’ l !
i ine i ,z ; ! ]
T v and gas wona e P 909 L owe | 180 | 180 | 185
plants and g . 1 | | | | |
8. Other investments (in wholesale k | ‘ | |
and retail trade, in equipment f.ol' | l ‘, | '1
the building and constructionactive | 3 ! |
ity, in- services efe.). Exports of 2 ! | ]
existing fived capital goods are l 0 ;‘ 60 ] a0 | 80 | oo
also included here i 10. i 10.5 1 ot 'l ot ! e
9. Government investment ‘[‘ 90 | ! ;- ; 1
| 1000 i 970 | 1000 | 103.0 | 106.0
~ TOTAL | 0 1 !

. et in-

formulate specific questions regarding ‘iihe q];St;lb;lt;iO;urZi fgrxl)o;s t;b

i i he exact distributio .

estment, working now with t 1 o
\(,3.1) as the given totals in tab. (3.2) (*). It may be that this would ma

i i his own
it easier for the interviewed person to bring order into :

thoughts when answering the questions.

Regardless of whether this has been hdone or not, it is, of cog‘s;eét
possible by interpolation and redistribution to produce a new

where the condition just mentioned is fulfilled. And it is also pos-

sible to produce a new complete table where the item 3 in tab. (3.1)

. . . 9.
(1 This method is not used in working out the items In tab. (3.2)

NUMERICAL DETERMINATION OF A QUADRATIC PREFERENCE FUNCTION

we would have only one single table with a total of 12 items (.e.
variables). Since one of the sub items appears as constant, we inclt

it in the (unessential) constant term of the preference function
“thus get only 11 items (i.e. 11 variables).

-
<

‘ For computational purposes afterwards it may be an advant:
to p

ool the two tables in this way. In the example the group gr
investment is summative'in the sense that the total of its items m:
up the exact figure that appears as one item in the main table (3
: A table similar to (3.2) was also obtained for the distribution
total disposable income over 4 income categories (V). If the sum
these four categories as an approximation is put equal to priv
- consumption, which appears as item 1 in tab. (3.1), we have anot
summative group that can replace one item in the main group.
_this is done, we are finally left with one pooled table of 14 ite:

(The preference function constructed for this group is given in S
tion 13).

From tables of the above kind we immediately derive the I
gel-functions ‘

(3.3) z; = 4,:‘ G = 12.

where S indicates the total in question and ¢? the chosen distril
tion numbers, so that

(3.4) S, qu = S

where the summation runs over ali affixes j indicating the indiv
ual items that together make up the total sum S.

The question of units of measurement is important. In order
avoid confusion we have found it useful to work as much as pos
ble in the standard unit of millions of kroner, not in percentag

In other words the data from interviewing results of the form (3.

and (3.2) will be recomputed and expressed in millions of kroner 1

fore the tables are pooled. If nothing is said to the contrary, we :

sume the units of measurements to be comparable throughout.

() Namely those given in equations (13.2) - (13.5) in the memorandum
21 October 1956 « Supplementary remarks on the Oslo Median model ».
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In (8.4)-(8.19) are considered the special questions that arise RuLE (4.1).
when such normalizations to a common unit have not been made, but
the data from a partial table are nevertheless to be built into a pooled
table.

The question is now how we can from the obse%rved Engel-func .
tions derive information about the preference function and the free

marginal preferences.

If more than one of the distribution numbers that are determir
~under a given constant sum S are different from what will, by -
_meaning of the interview questions, be upper or lower bounds for t
variable (for instance lower bound zero for private consumption), ¢
if the distribution numbers are well defined (without degrees of fr

dom in the answers), then the interviewed person’s preference funct:
.cannot have been linear.

Before we proceed to this work it may be useful to warn against

the following error of reasoning. This simply follows from the fact that by the theory of linear p

gramming the optimum point — if it contains no degrees of freed
— will be characterized as a point where at least as many of the -
-riables are at a bound as there are degrees of freedom in the proble

In an interview question all variables are free except for the fact tl
‘there is one equation (the given total).

The interviewed person has expressed that he will prefer a pri
vate consumption of 57.8 and a gross investment 9f 33.0 vyhen the
gross national product is 100 - see tab. (3.1) - while he will prefer
a private consumption of 58.9 and a gross investmer.lt of 34.2, v.vhen-’
the gross national product is 103.5. We must not interpret this to
mean that the increase in private consumption from '57.8 to‘58.9, that
is to say an increase of 1.1, is equivalent to (in utility .equlva'lent to)
the increase in gross investment from 33.0 to 34.2, that is, an increase
of 1.2. If such an interpretation were correct, values of .the prefe}'-
ence coefficients (applicable, say, in the middle of the intervals in
question) could be derived simply as the reciprocal values of the

. . 1
observed changes, that is to say, a marginal coefficient of el

The following special case is of particular interest.

RuLe (4.2).

If the interview bounds on the variables only consist in requiri
that all the variables, or all the variables except one (for instar
“export surplus) shall be non negative, and if the optimum point is ¢
uated at a limited distance from origin and is well defined (without
grees of freedom), then the preference function of the interviewed p
son cannot be linear unless he — under the given positive sum S
has chosen all the variables with non negativity condition equal to ze
except possibly one of them.

. 1 . ’
0.909 with respect to private consumption and_IT:- 0.833 with re

spect to gross investment. If the marginal preferences were assumed
constant, the preference function would then simply be F' = 0.909 x,°
+ 0.833 x, where x, and X, indicate the size of the two items No. 1
.and No. 3 in tab.(3.1).

Such an interpretation is, however, completely erroneous when
the data have emerged as explained in connection with .tab. (3.1). When
the assumptions behind the interviewing are fulfilled, it takes a much
more complicated computation in order to determine the preference
coefficients.

From this rule follows immediately that the preference functi
which is behind the distribution choice exhibited in tab. (3.1) and @
cannot have been linear.

If such is the situation, we must consequently, under the p
cessing of the date in order to determine the numerical form of t
preference function, not assume a linear preference function.

This may not prevent us from working in certain later phaz
of the programming with a linear approximation to the non linear pr
erence function derived from the interview data, but this is a d

ferent matter. In the processing of the data we must reckon with a n
linear preference function. ‘

4. NECESSITY OF ASSUMING A NON LINEAR PREFERENCE FUNCTION IN PRO-
CESSING THE DATA CONTAINED IN THE PREFERRED DISTRIBUTIONS (THE
ENGEL-FUNCTIONS).

Regarding the linearity of the preference function — which is the
same as the question of the constancy of the marginal preferences —
we have the following rule.

In what follows we will assume a quadratic or cubic preferer
function. In addition we will assume it to be partitioned in the ser
_that a given marginal preference depends only on the variable wi



respect to which the marginal increment is taken. 1. e. we will assume
one of the following two forms.
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where ¢, is a function neither depending on z; nor on z,. Contim
in this way, we get — apart from an arbitrary constant — (4.4),
form (4.5), is, of course, only a special case of (4.8).

Most of the time we will work with (4.3) and assume Q; to be nv
tive or at least non positive (principle of decreasing marginal util

3 1
(4.3) F(.’r, PN :L‘N) El (Pj-z.j + T Qixiﬂ)

or 5. PROCESSING DISTRIBUTION DATA WHEN ALL THE VARIABLES IN THE QU

RATIC PREFERENCE FUNCTION FORM A SUMMATIVE GROUP.

N 1 .
(4.4) F(z,...zx) ]_2_1 (Pz; + % Qiz + 3 Rz If any ¢ should appear as a constant (independent of S) in
group of distributed items — as for instance in tab. (3.2) — the a
j will be called irregular and the corresponding « variable » will sirr
be omitted from F, it being assumed that this variable will renr
constant also in other combinations and consequently only contrit
to the constant term of F (which is without significance for the g

gramming problem). We let 3 indicate a summation over the regt

reg }

where P;, @; and R; are constants. o
The ]cor;'esponding marginal preferences will, in the case of (4.3), be

(4.5) Fy = P; + @, (for all j)

and in the case of (44) be affixes so that the preference function can now be written
(4.6) F, = P; + Qux; + Rz} . o (for all 7f)

Inversely it is easy to see that if the partial derivatives arfe of
the form (4.6), the preference function must — apart‘ from an arb}tr:l—
ry constant — be of the form (4.4). Indeed, integrating (4.6) partially .,:
with respect to z;, we see that we must have :

(5.1) F= 3 (Pgz, + —12— Qi)

§ Teg

If none of the distribution numbers are at their interview bour
we must have for any value of §

1 . .
(4.7) F = Pz, + 15‘ Qzi + 3 Riz? + ¢y (56.2) F, = F, = ...)F, irreg j (... = Fx
where ¢, is a function not depending on z;. If (4.7) is differentiatef ’
. .with respect to one of the other variables, say T, we see from (4.4)
that we must have

These are the tangency condition for choice equilibrium. They ére :
same as in general choice theory, except that we now have all « price
_equal to 1. The inverted parenthesis in (5.2) indicates « exclusion o

In addition to the substitumal condition (5.2) we have the bud;

~condition
4.8 — = P, + Q.z, + Rexs
£

(5.3) S oz, =8— 3 4

Integrating this with respect to z,, we get by (4.7) e e

If the P; and Q; are given, the equations (5.2) and (5.3) will det
mine the equilibrium point. This is the usual reasoning in the thec
of choice. We have now to adopt the opposite viewpoint: that the que
tities are given as function of S and the P; and Q; are the unknow:
For this purpose we write the equations in the form

1 1 I
49 F = Pa+ —5 Qi+ 5 Ral+ Paet —5 Qi +

1
g Read + e
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(5.4) P1+Q1¢1SZP2+Q2¢&S:---)P;'+
+ Qi jirreg(... = Px + Qxds®

Picking out the equation where the left member has the affix «
and the right member the affix 3, we get

(5.5) (P,—P)+Q,4,°—Q,¢5 =0 (a and B any two regular,
affixes) '

This equation can be interpreted as a requirement that there shall

exist a linear relation between the two variables ¢, and ¢4 over the
range of variation S. The coefficients Q= and Q, and the difference

(P,—Pg) can be affected by an arbitrary factor of proportionality
(different from zero). In addition the P coefficients can be affected by

an arbitrary level term, that is a constant additive term, the same

for P, and P . All this applies when the ¢® are known.

In order to determine the coefficients (P, — P, ), @, and Qg of

(5.5.), we can construct some sort of regression equation over the range -
of variation S, the coefficients of this empirically determined regression .
can then be put proportional to the three numbers (P, —Pg), @, and
QB.Since there is nothing to choose between o and §, the regression
in question would necessarily have to be one that treats the two affizes

symmetrically. There can be no question of using, say, the elementary
regression of ¢ _on ¢g or inversely. In other connections I have work

ed successfully with the diagonal mean regression and I will use it .

also in the present case ().

The diagonal regression in the present case is

b — g
«/mBﬁ

(5.6 bt
Q. \/m -

14

where the ¢; and m; are defined as in (5.11) and (5.10). From (5.6) fol

(5.8)

- (56.10)

Comparing th ici ;
se thpt Pg _e Pco)effz)mentsdof 1,4, and ¢, in (5.5) anfi (5.7)
e that (P g) @, and (—@,) can be put proportional tc

i ) [ -
‘/mam VmBB ) ’ x/mm | an *( Jm—ﬁﬁ. | :

i

- This shows that (5.8) - (5.11) can be accepted as set of special solut

_ P,-j’“ and Q;’ that — from a regressional viewpoint — is in confor:
with the information obtained by the distribution questions. We k

that P; and @, cannot be uniquely determined through these data

(5.8) - (5.11) is one solution. The square root in (5.8)-(5.9) is t:

‘.positive. Through (5.9) the sign of Q¢ is determined so as to exg

tl?e prin.ciple of declining marginal utility. This sign is an additi
piece of information that has to be added because the diagonal regres

“itself does not provide the sign.

Collecting the results we have

PP = “ﬁ; (j a regular affix, that is an affix such tha:
vmy '8 not a constant independent of S)

—1

- (5.9) Q° = ——— (j regular)

vmy
my = Es(dxjs—;}ﬁ_jjz

¢; = the arithmetic average of ¢, namely il

(5.11) .-
Esl (] = 1, 2

The most general solution of (5.5) is obtained from a spe

solution P and Q, by the following transformation

(6.12) P, = G(PP + O or if we like P, = GPp 4

. - (5'13 = o
lows ) < Q)
- — . whe =
b, $s —1 —1 Vwﬂlre l?’ C and K = GC are constants, G > 0. The constant G
(5.7) , — + by — | ———1 ¢ = 3 call the scale factor and C — as already mentioned — the le
vm,, Vg vm,, | Mg term. If the observed distribution numbers ¢ 3
@

() See Additional Note 1 at the end of the paper.

’ ‘ er’ and ¢,% are such t
there exist coefficients P* and Q° that satisfy (5.5) identically in

the formula (5.8) — (5.11) will produce such a set. If not, (5.8)
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(5.11) is taken as a regressional compromise. In any case the numbers

P, and Q, as defined by (5.12) — (5.13) will satisfy (5.5) with the
same right as P> and Q.

The scale factor only has a convertional meaning so long as we
consider all the variables in the preference function as forming a single
set of summative variables that are handled as a unity in the distribu-
tion questions of interviewing. The assumption of summativity only has
reference to the fact that we now consider the determination of Py
and Qp through (5.8) - (5.11), which are built on the Engel-magnitudes
¢ obtained through interviews built on summativity. If we had some
other determination, say Py and @, we could conventionally multiply
these by an arbitrary scale factor G (> 0), regardless of whether the
variables in the preference function are summative or not. The choice
of a particular value of the scale factor can be looked upon as choosing
the unit of measurement for the «utility » that is expressed by the
preference function.

The level term C is of an entirely different sort. It has more than
a conventional significance because it will influence the level around

which the individual marginal preferences (the derivatives taken with -

respect to the individual variables in the preference function) are situat-

cd. Indeed if we maintain a particular value of the conventional scale

factor G, but change the level term ¢, all the marginal prefcrences
will change by G times the same amount as the level term has changed.
A change of the level of the marginal preferences means, however,
in general, that we change the indifference map and hence the prefer-
cnce function. Increasing the level constant towards infinity, for
instance, would mean that we put all the free marginal preferences
not only constant but equal. The determination of the level constant
“through interview data must therefore be an essential part of our
problem (.

In discussing this problem we put

(5.14) P = C+ P

where P/ is defined through (5.8) and C is the so far undetermined {
level term. Assuming the conventional scale factor G to be put equal |

to unity (Qe being determined by (5.9)), the preference function (5.1) § t define the value
} sz, 2
@’

. Ing papers from the Oslo In
:t t1(}ast one of the two situations z'
: nt from a situation that is substitumal, i

can be written in the form

() See Additional Note 2 at the end of the paper.
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(5.15) = 3

i reg

1
P‘C .
( i -T, + “2 Qjosz) —_

=03 ¢« o 1
§ reg j) + jzreg (P’ Z + 7 QJ" xf)

A ;’r; t(lr;lz )fo’;rlrllula will be hegative, not zero, when 1
' .9). e next to 1 i i
- 0 ast i
pression for the role played by the lev;fir;‘riln C€5.15) s ae
' .Suppose that we have informat .
indifferent and have the same v

lon about two situations that
erence function,

alues for all the vari
ariab i
except the two variables z_ and les in the p
x

‘ . Zg, these havi
In one of the situations and z” ?c" in th sthe
cqual twos a‘1t~e indifferent and all the othae‘r, P B ‘v
situations, we must b
, y (5.14) - (5.15) hav
. e

(C+ PPy, + (C o 1
3 a + P ! - &° : !
5.16) B+ o @z, + o @7
:(C+Pa)xz+(C+P:)$;+iQ" xlr:+i .
Solving thi i : . : ) o
& this equation for ¢, we get the special I
value

=

N oo ' + ”
@ —2))| P +Q';J&} Yy ta

+ @y —ay ){ P+ @y

(.’L‘a, -'.Z"a ) + (.’L‘g -x’ﬂ )

(5.17)

@y -2 W, + @y —a] yy,
Wo ~Zi Wy + @y —af W,

@', —2) + (@y—a))

-~ where
L (5.18) ST
Y = szﬁ\l (i = o :
vmy ’

Ih.e llatUIe Of the dlChOtOl‘ﬂlC llltEIvlew queStIOIl tllat can serv

” ” .

- xﬁ'ls Fiiscussed in detail in work

. Here it will suffice to note thas

and z” must be significantly differ-
e. such that the interviewed

stitute
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person has himself chosen the variables in this situation (subject to a 3
given total). Indeed, if one of the situations is substitumal and the two -~ -

are indifferent, the denominator of (5.17) will be approximately zero.
The more different from a substitumal situation it is possible to qhoose
one of the two situations, the more computationally significar}t Wl}l the
determination of C° by (5.17) be, but, of course, for practical inter-
viewing reasons it is impossible to go to situations that are too far
fetched. A wise compromise must be made.

The lower expression in (5.17) holds good if Py and @) are de-

termined by (5.8)- (5.11), while the upper expression holds for the ;
case where P and Qp are determined by any methods such that by a

suitable choice of C the two sets of parameters P¢ = (P + () and .Q,"
become plausible values to use for P; and @Q; in the preference function
(5.1).

For the partial derivatives of (5.15) — which holds good when
G = 1—we get

(519)  Fe = C+ P+ Qeze = C+ Q2 (Te— o) (g reg)

Hence for
(5.20) Te = e (g = any affix)
(5.21) Fo (¢ = C (g reg) |

The expression to the extireme right in (5.19) holds if P and Qf

are determined as above, while the middle expression holds when

P and Qp are determined by any method such that P° = (P + C)

and @, become plausible values to use for @, and P; in the preference :

function (5.1). '
The formula (5.21) holds in the special case and gives a good inter-

pretation of what the level term C stands for.We firs‘t note that the

point where each variable is equal to its Engel-average, 1.€. where (5.20)

holds for all g, will be a point on the substitumal. For any va}ue of 7
S we have in fact, when P° and Q; are correct values to use in the 1
preference function (5.1) and ¢ are the observed Engel-magnitudes ;

(5.22) PS4+ Q¢S = P&+ Q° ¢S

Extending here a summation over S and dividing by 3sl, we ge!
PS + Q¢ = P+ Q°¢ and hence

(5.23) FC (¢ = F€ (¢ (i and j any two regular affixes

(¢ and j any two regular affixes) |

NUMERICAL DETERMINATION OF A QUADRATIC PREFERENCE FUNCTION 2

Which shows that the point (5.20) is on the substitumal when the
preference function has the form (4.3).

This being so, the meaning of the level term C can be interpreted
by saying that to choose a specific value of C is the same as to prescribe
the common value which the free marginal preferences shall have in that
point on the interviewed person’s substitumal, where each preference
variable is equal to its Engel-average. (The conventional scale factor G

being chosen equal to unity and P and @;° being determined by (5.8) -
(5.11)).

6. NORMALIZATIONS AND CHANGES IN UNITS OF MEASUREMENT.

If we change the unit of measurement for the variables z; in the
summative group for which the Engel data ¢ are obtained, the level
term C° as determined by (5.17) will be wunchanged. Indeed, if the
unit of measurement for all the z; is, for instance, reduced to one half
of what it was, so that the figures measuring all the ¢ and all the z;
are doubled, the P> will by (5.8) be unchanged and the Q" will by
(5.9) be reduced to one half so that the brackets in the middle expres-

_sion of (5.17) are unchanged and hence C° unchanged. Another and
. perhaps more direct way to see this, is to note that in the last expres-

sion of (5.17) the y; are unchanged.

From the above reasoning follows that the marginal preferences
(5.19) are unchanged by a change in the unit of measurement for the z;.

This fact seems to be in contradiction to the general rule that
a derivative is changed in proportion to the unit measurement of the

-argument with respect to which the derivation is made. The explana-

tion is that when we use (5.19) where P and @y are determined by
(5.8) - (5.9) and C by (5.17), we will implicitly make a proportional change
in the preference function when the unit of measurement of the z;
changes. To make this perfectly explicit, let the P, and @; in (4.3) be
any given fixed numbers, and let us make transformation

(6.1) z; = pk

where p is a given positive constant. This gives F = p3; (P;§ +

1
+ 5 1Q;E?. Consider the transformed preference function

(6.2) ¢ = ——



We obviously have in any given point (which may be defined either
through the set of values T; or through the corresponding set ;)
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Consi i
bles. %1:1(3;1;1 first the case of'a function (4.3) in all the detailed var
by formula fassume theoretically that the constants are determin
case. This fngant: et}g,tp ;;5.8) . (5'1111) and (5.17) applied to this detail
- enever there i sogs . ©
along the imaginative substitumal no:: some variation in a variakt
the corresponding @,

1.+ -CN F(z:...Zx )
(6.3) a¢(§@g & = —a—%—x— o) (g = any affix)

: considered, we can assu

oeur it @ pet to be negrfltlve, not zero. If any variable shotri

ogregue 1" ! i» We can simply skip it as indicated in (5.15
explicitly the terms with zero @, as done in (7.3) k7 5) :

Such a transformation of the preference function whose derivative
is (5.19), is involved implicitly when P and @y are determined by
(5.8)- (5.9) and C by (5.17) and we change the unit measurement of
the z;.

We may express this by saying that the marginal preferences
(5.19) are in a sense normalized marginal preferences. This means for
instance that in tab. (13.1) the P; have a meaning that is independent
of the unit of measurement (millions of kroner).

The substitumal conditions can in this case be written

(7.1
) P+ Qiz; = X(S) G=12...i
where A(S) is a function of the total S in tﬁe summative group

(72) i.e. «

o+ x2+...+1‘N:S

We can imagine that the substitumal is construct
single equation (7.2) together with the N
fn?m (7.1) when we leave out the right m
mine the substitumal. That is to say.

z; for j
f‘,)r (gu 7S I;ZIgl'ELarfagd the common magnitude of the left member in (7.:
of 5 can be computed. It will give the value of A that C(.);

responds to the given S. In
is known. other words the nature of the function (&

7. THE AGGREGATION PROBLEM. . .
ed by considering tt

— 1 equations that emerg
ember A(S). This will dete:
for any S we can compute all th

Suppose that an interviewing ought to have contained a very
great number of variables, let it be the variables z; (j = 1,2,...N).
For simplicity we have, however, in a first phase of the interviewing
used a heavy aggregation such as for instance the one in tab. (3.1
Each item in this table stands as a representative for a great number of
individual items. The assumption behind the interviewing in such an
aggregated table is that the interviewed person can, if he wants to,
subdivide any item in the way he wishes and distribute the individual
items in the way he considers best. This distribution within a given
main item is not mentioned explicitly in the interviewing and the in-
terviewed person is not asked to explain how he wants this detailed
.distribution to be made. He only knows that he is free to use break-
downs if he wants to and use any distribution of the breakdown items

he likes.

The actual solution can b i
P e carried out as follows. From (7.1) w

(7.3) 2 = MO—P
- T T @0

Performing here a summation over j for the regular j, we get

7.4 -
This means that in principle we should look upon the interview (7-4) ani 0 = M8 X _1_._ — = P,
data as if they had emerged after a very detailed interviewing and & R0 Qs JR=0 @
in such a way that the interviewed person had himself — after making and hence

the optimum distribution of all individual items — summed up certain
S— = g5+ B

individual items and presented the aggregates to the interviewer. j”Q: 0o ¥ -

. ) ) . ) (1.5) M) = g IRz£0 @,
This being the case, the following question arises: If we assume £ )=

a special analytical form for the preference function in the detailed _1

distribution — for instance a function of the type (4.3) or (4.4) — will JIQjz£0 Qj_

it then be possible to interpret the actual interview data — the aggre-

This shows that A(S) i i
is ; .
gated data — by a preference function of a similar analytical form? ) is a linear function of the difference between

€ sum Of tl]ose ¢ fOI W]llCh - 0 (alld g
S alld th § Q] lle]lce the mar llla]



preference independent of S). Inserting (7.5) ir.1 the right.membferﬂ;) apd
(7.3), we find that the regular z, are also linear functions of n
sa;m; difference. If no @; is equal to zero, the al?ove statement can
replaced by saying that each z; is a linear function of S. The assump
tion here is (4.3).

NUMERICAL DETERMINATION OF A QUADRATIC PREFERENCE FUNCTION
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1
(7.11) Q(.n ==

>
=@ Q

1 D = 1),z

In the case where all Q;7 0 (assured for instance by .the definition -
(5.1.)), suppose that we divide the variables into a certa}n number o
gr.o{lp'q denoted (J) = (1), (2) ... and for each group define the group
total

Since all @,
apply to Q(J‘)-

Since the function %(S) in (7.7) is the sam
same result by computing z.; substitumall
considering the detailed substitumal 7.1
pute . according to (7.6).

are supposed to be negative, not zero, the same

e as in (7.1), we ge
y from (7.7} - (7.8) as by
and from the detailed i

(7.6) Ty = £1?¢+.1?3+...+$Y

individual variables in the group (J). We

here z_, z,...z, are the indivi . L )

lepose G'cchat Bthe sgbdivision is exhaustive and not Qverlapp}ng so that

by pooling all the groups, we get each of the detailed variables once
and‘ only once.

, Since this reasoning applies to any of the groups (J), we can
that when the preference function is of the form (4.3), the whole :
_ment is invariant under an aggregation.

Will it in this case be possible t9 determi_ne_constants' It’uv)v }?;c; :
Q. such that in every substitumal point, that is in any poin .‘
(7.1) and (7.2) are fulfilled, we have

‘ This is no longer true if the preference function is of a more
plicated form such as (4.4). Examples of this can be constructed

8. DIS—AGGREGATION OF A VARIABLE IN THE PREFERENCE FUNCTION BY M

( ) P(Jl + QIT) -Z.(Y) _ l(s) [(']) = (1)’ (2) tte ] oF DISTRIBUTION DATA.
7.7 T

Since we have the aggregation invariance described in Sectic
provided the preference function is of the form (4.3),
possible also to dis-aggregate in case it is found that cer
riables first considered in the preference function oug
up further, each in a summative group.

- 3 zn = S
(7.8)
M=, @..

it would s
tain of the

ht to be ¢
where )\(S) is the same function as in (7.1)?

This is possible. Indeed, along the substitumal the sum Lo can bg
~ ~computed by dividing (7.1) by @; and extending a summation over j,
to all items in the group (J). This gives

The safest way to do this is to start by working out from ta

of the kind exhibited in (3.1) and (3.2) a joint table where all the it

are specified and in the same units of measurement as previously n
tioned.

1 P
— — X
(7.9) za = MS) ,E'J, Q, = Q

There is, however, also another way to proceed which may
useful in a case where a great amount of work has already been d
on the preference function, but it is found that some specific part

Consequently the aggregate z will satisfy the substitumal con- it needs to be specified further. We can proceed as follows.
)

dition (7.7), if we put

p item in a total summative group that together made up all the va
_.Qi. bles in the preference function. Let the Engel interview datum
=@ - thi iable be
R J) =(1),(2)... 1S varia
(7.10) Py = s 1 [
! j=@ Qj

() Examples of this have been worked out in detail in a working pape;
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(8.0) z, = ¢
We want to replace the variable zx by a sum

T+ T+ T = T

((8.1)

i .15
and at the same time replace in the preference function (5.15)

X ! ° sum 3 (P%™ =z +
(8.2) the single term P T + - Q. 2 by a :

=rs...¢
1
- ‘(nx xln)
+ 50

and replace

¢ __ p°© ° I

S the single marginal preference F_ = P_+ Q" %,
— £'3 ."!xi

®9 ? by the set of marginal preferences F\° = P+ @

t=rs...100

i already known from the pro-
Here P: and @, are constants which are y

i i 0% 2 are constants which

g Izreiiegteer:;sinaenngsidizggsl Ii)rllforlal?aiio?l drawn from interview-

?:;Yizzr(?ing the preferred distribution in the subgroup. .

( Si;lce the new preference function will ccigtame r:a(;feinvagrelieril
and hence more degrees of freedom than the old, w

t Ieasollabl) gUDd llallnon)
not eXpeC to flnd all? SOluthIl that 18 1n

ion that
iewi i duce a preference function
i interviewing data and still pro . c : ot
S W"}Vlthlltheolir;ts in space — including the new dimensions m:}x;c‘i:;cas
?11; (()lu If)the breakdown (8.1) — will give exactly the fsameh' e o
thz ol?i preference function. If we could find such a solution, this

kin
just be an indication that we did not need to go to the trouble of making '

the breakdown (8.1).
While we cannot expect to find identity betweefi the nellel'ﬁzrrlldtﬁi‘(:
reference functions in all points in spat?e, we can find a so on
gives identity along the substitumal. This follows from the analy
ction 7.

” One way to perform the computations of t¥1e new pz;ef;:x;sehiir;cl:
tion -— and perhaps the one with the smal}est r'lsk of I(rillls a o In hand
ing the data, particularly the smallest risks in handling

- course, be explained by the existenc
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units of measurement that com

e in (practical experience has
this to be quite a problem)

— is, as mentioned in connection wit
and (3.2), to pool the two tables of data into one, if necessary by
polation, so that we get a datum table where T, does not occu
Zr Ts. .. 2y occur. In this pooled table the method of Section 5 e
applied. From (5.8) - (5.11) and (5.17) is seen that all the coeffici
and @ pertaining to the old variables that are not dis-aggregated,
remain the same. For the variable x_ that is to be dis-aggregate
replacements (8.2 - (8.3) would take place.

We can, however, also proceed by a grafting method which cc
in accepting the previously calculated coefficients P and @ for tt
riables that are not to be dis-aggregated and determine the new

cients by means of (7.10) - (7.11). We shall write these formula
in full ag they will now appear.

The sum variable (8.1) may contain some sub-variables z,, z,

that turn out to be kept constant by the interviewed person. Th
even though the value of z, is changed as a datum in the questic
the interviewed person expresses the preference for maintaining
sub-variable in question constant ('). Such a preference cannc

e of a preference function o
bles. One could explain this
that the marginal preferenc:
uptly down to zero for a £
discuss these possibilities of i

kind (4.3) applicable to all the varia
of answer for instance by assuming
the sub-variable considered fell abr
value of its argument. We shall not
pretation in detail, but simply consid
for which such answers occur as irr
noting the constant values of these sub-variables as they are g
through the answers from the interviewed person, and remarking
their contribution to the total preference function wiil only be a
stant and we may leave them out by the same sort of reasoning as
used in (5.1). It is, however, necessary to be very careful about the
the corresponding corrections should be made in the data that eme
from the interviewing, so we will carry along all the way an exp
notation for the irregular variables,

To make the formulae general we wil
measurement for the variables in the sub
them emerge from the interviewing —

as in the main group (it may for instanc
—_

] assume that the unii
-8ToUp — as the data at
is not necessarily the s:
e be percentages of a cert

() This applies for instance to the item N. 8 in tab. (3.2).
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figure instead of simply millions of kroner). The simplifications that -
take place in the formulae when the unit of measurement in the sub
group is actually the same as in the main group, are easy to write out

thWhen discussing Fhe adaptation process for the regular variab
the sub-group, the figures in the right member of (8.10) must be 1

up 1 as gl'ven hl]e th Se 1n the left memb eV ¢
(D) W O er
ar arlables to be <

Let p be the correspondence factor by which the interviewing fig- -
ures for the variables in the sub-group must be multiplied in order
to express them in the same unit (for instance millions of kroner)
as is used in the main group. This means that if o @ = 7, 8 ... D
are the variables expressed in the main group unit and §; -the same
variables measured in the sub-group unit, we have

In the interview there must be fixed a certain amount (me
ed in main group unit) z, of the variable that is to be dis-aggre;
which by definit?on corresponds to a certain amount (; of the sub-
sum (measurd in sub-group unit). Through the two given fi

(8.4) = pb i=rs...10 Zz and g, the correspondence factor 1t will be determined, name

Correspondingly we may write for the numbers expressing the

sum ®11) 7, = po : kS

e n =
¢ v
g

(85) "Ex :“’E‘(

'Using these concepts we can reason as follows. Suppose th:
’ ter.Vlew data ¢ for the sub-groups are available measured in sub—(
: units. To these data we can apply (5.8)- (5.11) (with 5 in%teadJ
and thus determine P and @~ for the regular affixes i;l the
" group. On these parameters we can make a transformation of the
‘ (5.12) - (5.13). Any sets of numbers P, and @, which emerge from
1. transformation are equally good as a description of the interview
for the sub-group. The two constants G and C of the transform
_are then determined in order to have (7.10) and (7.11) fulfilled v
‘now Py, and Q,, are the already known constants PS¢

For simplicity we will denote the sub-group sum expressed in sub-
group unit by 5 = E_ . 80 that instead of (8.5), we have

(8.6) r, = |

The sub-group sum s = &, contains the regular sub-group varia-
bles as well as the irregular ones, if any (those that appeared as con-
atants in the interview data). )

By (8.4) and (8.6) we have

(87) E,- -+ E,\ + ... + & = 17 that is g — iig Ei + i§eg E; and

 which were determined by processing the data for the rna?n gro
V shall not go through the details of the calculations here (), but

Let oo be the numbers as they appear from the interviewing in" indicate the results, We get

the sub-group and measured in the unit of the sub-group. The same
numbers measured in the unit or the main group are , _ B
B12) F = C+ QP (g—i + M

(8.8) Ps = !”‘1"0 Jm (g I'egUIar in r,S.
Since the interview data must comply with the given value of 4. where
we have '
~ T3y
(8.9) pSF $oF ... FpS =0 - (8.13) Qo — T !
~ g T Y (g regular in r, s
v"7z-\'x mg:

The variables & for i regular must satisfy

(8.10) T E=0— 3 ¢ () Details are gi i
: (=
e ¢ ioree nstitute. given In a memorandum of 15 November 1956 from the
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m__ is given by (5.10) for j = x (the item in the main group that is to
be dis—aggregated)
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he sub-group. Indeed, let the constants P and Q° (i regular i
... t) be determined through distribution questions within the
group by an application of formulae similar to (5.8)-5.11), that i

¢, is given by (5.11) for j =

~ . $ '
o= 5 o &P G =rs5...1) (9.1) P = —— (i regular in 7, s .
(8.14 m; s (¢ ¢ - § . g
oo
3 b = ari i of ¢° in the sub-group =- g —1
(8.15) ¢ = arithmetic average ¢ . Ss 1 9.2) 0F = (i regular in 7, s .
(z =7 S... t) ‘\/777'1'1
(8.16) s= 3 = 2 @& ‘where ¢, and m, are given by (8.14)- (8.15). The most general co
i=rs...t ireg . . . . .
W, cients that will produce the same kind of regressional fit to the E:
i - the sub-grou :
+ ”i: i (summation over the sub-group _data in the sub-group when these are expressed in the main group
-of measurement, are
n is given by (8.11). ]
) (9.3) P = y(P™ + ¢)
(8.17) 2, = |\p. = arithmetic Engel average of the variable No. g - ‘
in the sub-group (¢ = 7, s...8) when this variable is expressed in (9.4) Qo — e or
the units of the main group. : L

The analogy between (8.12) and the expression to the right.in.(5.'li')
is obvious. The fraction to the right in (8.12) will as a rule be 1ns1gmf;
cant, and it will be rigorously zero if the average of the obser\.fed,. o)
figure, extended over all observed S values in the main group, coincides
\V}t,}l the average of 5 extended over all observed ¢ values in the sub- -
group.

If we write (8.12) in the form

where y and ¢ are arbitrary constants (y > C) and ¢ the corresponde
factor defined by (8.11). Indeed from the subset substitumal condi

9.5 Pi+@Qu Ea = FF + Qs & (xandfregularinr, s ..

we easily deduce

: 98  Pr 4+ QY z,= P +Q 1z, (a and 8 regular in 7, s, .
(8.18) Fox =P 4+ Q™ ¢ (g regular in 7, s...%) @ @ @ 3 g Ty

N -

where the coefficients P’* and Q% are given by (9.3)-(9.4). By a s
able choice of v and c¢ the coefficients P°* and Q°* must there!
emerge as exactly as those we have already used in the composite p
erence function. On the other hand, if by a dichotomic question in
sub-group we have found that the constellation T'q, @'y is indiffer

with 27, :cg (e and B regular in 7, s ... ¢) when all the other varial
are the same in the two constellations we have

the constant P,°% will be

bx — |0
V M

(8.19) P = C—Q™ o+ -

while Q,° in (8.18), as before, is determined by (8.13).

9. THE LEVEL TERM DETERMINED THROUGH A DICHOTOMIC QUESTION WITHIN: . o , ) ) ]
¥ — 0% ox

THE SUB-GROUP. 9.7 Pz @+ Pua @, + - © o 4 ngs )

The level term C which we so far have assumed to be determined

1 1 ” x ” 1 - ”2 x "
by (5.17), can also be determined through a dichotomic question thhm‘ = p , T. 4P g 5 © s a4 Q‘ 2
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‘have not used these sub-group data at all. The parameter ¢ is
independent of the unit of measurement in the main group as
as of that in the sub-group. Furthermore the proportionality fac

Inserting here from (9.3)-(9.4) and solving for ¢ (y disappears
we get the special value

" g+ gZ , ” . E’B +E,; in (9.10) will in most cases be close to unity. What is measured

F,—E)| Po+ Q"a——?— + (s —E)| Ps + Qoﬂ—z— is essentially the fact that the relative distribution within the sub-

° = - - i ; changes with the sub-group total. Indeed, if this relative distrib
(€, —&.)+ G —Fp) 'is constant and there is exact correspondence between the S—alt

9.8) ” tives in the main group and the o—alternatives in the sub-groug
(F,—E ), + (Es—Ez )My ~coefficient y as defined by (9.11) must be equal to 1. To see thi

&, — EZ ) + (E’B — E;) o = u ¢_f where the wu; are constants and S uniquely determined

We then have 39 ¢° = u; 354, and hence ¢ = ug . Fu

where my = SC(p5— &P = w3 (¢i—$x ¥ and hence vm; = u, v
& +& ' and consequently 3;v/my = (S,w)v/m_ . On the other hanc

(9.9) "= oz " (i =af have 31 ¢0 = (Siw) ¢, , that is o = (S, w)¢) ,which by (86) i

same as Su = - , so that p% V' my; = vm__ . Therefore or
The formulae (9.8)- (9.9) are analogous to (5.17)-5.18) for the de-

n
, _assumptions made y = 1.
termination of ¢® by a dichotomic question in the main group.

By means of (9.10)- (9.11) we can make a double determin
of the level term C, one directly in the main group, using (5.17) -
and one indirectly using (9.8)-(9.9) and (9.10)- (9.11). The tw:
terminations should coincide within the threshold ranges. We
even use several determinations, partly direct and partly indirect
and finally determine the level term by a compromise. In a pra
case where much depends on a correct preference function such a

Another way to determine ¢ would be to equate (9.3) to (8.19)
(assuming C to be determined through the dichotomic question. in the
main group) and to equate (9.4) to (8.13). By so doing and using the
expressions for P and @° from (9.1) - (9.2), we also get y determined.
The result can be written in the form

(9.10) C = yc- $x — 1O promise determination of the level term should always be made.
VM If a rough independent estimate can be made of the satw
where point for one of the variables, say :EX, that is the point z, beyond 1
e a further increase in z, is detrimental rather than beneficia
ij", v My have — if z, is a variable in the main group and measured in the
(9.11) Y = © m group unit: i
X

p being defined through (8.11).

In (9.10) the last term in the right member will, as already re
marked, as a rule be insignificant or even exactly zero, so that C and
should in pratice be proportional with the proportionality factor (9.11).

(9.12) C - P;(o e Q‘,X xAx

‘C being comparable to the level term that needs to be added to th

~as indicated in (5.14). If P;" and @Q°, are determined by (5.8)-(

. " 9.12 1 e written
In (9.10) C is independent of the unit of measurement in the main ..~( ) can also w

group (compare the beginning of Section 6). It is, of course, also indf:- ':'
pendent of the unit of measurement for the distribution numbers in_
the sub-group because in the computation of C by (5.17)- (5.18) w

k ;X —;7
(9.13) c - =
v My
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where the arithmetic average ¢, indicates the Engel-average of z
This computation can be made for several X and the results compared.

One would expect that the assumption of a linear marginal prefer-
ence is not entirely realistic. It would perhaps be more realistic to
assume that the curve indicating how F, depends on z, is flattening
out, i.e. the second derivative of Fx is positive. In this event one would
expect that the straight line estimate of the saturation point, if the
straight line is fitted without bias, would indicate too low a satura-
tion point. Consequently a straight line with correct mean slope but
translated so as to pass through the saturation point, would be situat:
ed too high in the plane, i.e. the formula (9.13)- (9.12) will tend to
overestimate C.
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3!

Ifby some means or another — for instance the diagbnal method (*
‘a mean homogeneous regression is determined between the four va
bles (all functions of S) that oceur in (10.3), namely (4% —g )

-4 [ 24

5 —$5 ), [(¢, ¥—9,] and [(¢p F—¢a 1, the coefficients in the
egression equation can be put proportional to the coefficients of Qa,

-Qg), R, and (_RB) of (10.3). We can for instance let the set
a, ) successively run through (1, 2), (2, 3)... etc. Choosing the propor-
onality factor in the first set arbitrarily @,, R, Q, R. are determined.
n the set (2, 3) we determine through the regression equation a se-
uence of four numbers that should be proportional to Q,, R, Q, R,
Choosing ' the proportionality factor so as to get the best possiblé fit

ith the two coefficients @, R already determined, Q; and R, will be
etermined, and so on.

10. PROCESSING DISTRIBUTION DATA WITH A CUBIC PREFERENCE FUNCTION. For reference purposes I shall give the formula of the di 1
€ diagona

ean regression in a set of variables X, (i = 1, 2...n) for which ob-

If we want to refine the analysis and take account of the curva- . .
Servations are available over a certain field of variation. Let

ture that the marginal preference curves most likely have (compare
end of 9), we can use a cubic preference function, for instance simpli
fied to the partitioned form (4.4).

The substitumal relations corresponding to.(5.5) will then be

; 0.4) z = X—X (i=12.. n

be the variables measured from their means
(10.1) (P, —P,)+Q, ¢, —Q, ¢, + R, (¢, —R, (431 =0 B 51,
' (a and B any two regular affixes (10.5) ‘ X = 57

As in the quadratic case the P; — if only the data (10.1) are avail
able — are obviously affected by an arbitrary level constant, and al
the coefficients by a common multiplier. ‘ B _
Since ¢i , qsss and consequently (<;>i‘)2 and (d); ¥ are known func (10.6) my = 3(Xi— X)) (X;— X)) i=12.m j=1,2.n
tions of S, we can for any two sets of affixes «, § determine a mean re-
gression line fitted to a variation over S. We can simplify the problem
by imposing the condition that the regression line shall pass through
the mean. This is obtained by introducing

. 2 ‘S = 2 is"
102 5 = s b1 s(:°F

where the summations are extended over the field of observation. Let

be the moments about the means and let
(10.7) my; = the adjoint matrix of (10.6)

The diagonal mean regression can then be written

TS BT TIn

él Si}/";hl z =0

where the square root is taken positive and ¢
to attribute to the term with z,.

exfending a summation over S to (10.1), dividing by Zs1 and subtract
ing the equation thus obtained from (10.1), which gives

is the sign one wishes

Y, (‘f'i_‘ ;;a ) _Qa (¢,‘;_..7,§3 ) + If the signs in the various rows of (10.7)
R, [(¢y F—¢,1— Ry [(¢g F—3g] = 0

(« and § any two regular affixes

(10.3)

() The diagonal method is discussed in connection with ( i
¢ al 1 4.22) in m aper
n the Nordic Statistical Journal. Vol. 8, 1928. Compare Section 14. v pep
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are compatible (which means that all the elementary regressions a (
sign compatible) this sequence of signs may be accepted. Or the sign
may be selected on a priori considerations (they ought to check wi
the compatibility rule stated if the fit is reasonably good). The regres-
sion equation for the variables measured from the origin is obtained
by inserting (10.4) into (10.8).

2. INTERVIEW VARIABLES AND MODEL VARIABLES.

Suppose that the interviewed person wishes to express his prefer-
nces for certain variables that are not erxplicity contained amongst
the model variables, i.e. those specified in (2.1). This situation can be
h'andled relatively easily if each of the extra variables which the inter-
iewed person is thinking of, can be expressed as a (linear or non lin-
gar) function of some or all of the variables that are in the model.

‘ Quite generally let ¥, ¥,...¥u be the variables which the inter-
ewed person wants to consider, and let each of them be expressible

; terms of the variables &, z,...zx of the model. Let these expres-
jions be '

11. MOVING DETERMINATION OF THE COEFFICIENTS Q.

Another, and perhaps more practical, way to introduce non lineari
ty in the marginal preferences, is to perform a moving determinatio
of the coefficients Q,. This can be done for instance in the way th
we split the summations in (5.10) - (5.11) into two parts, one over an
range around a value S’ and the other over an S range around a valu
S”. This gives us by (5.9) two values of @y, namely Q°(S’) and Q(S” 12.1) Y = Gy (2)...2x) G = 1,2..M)
Assuming @y to be a linear function (*) of ¢° ’

here the functions G; are known.

(11.1} QF = A;+ B¢’ Further let

where A, and B; are constants independent of S, we get for th
constants

E(y,...yw

the interview preference function, i.e. the function by which we as- °

2 _ (8¢ — @y (S) ¢ ume that the i i individual is gui i '
(11.2) A = e e that the interviewed individual is guided when he gives his answers.

[ 3) j When the expressions (12.1) are inserted in (12.2), we get a function
s . Qr (8 — @y (8") of the model variables which plays the role of our previously consider-
(11.3) ;= Py ed preference function. Let the function be

Inserting (11.1) into the term @ ¢°, we get this term replaced by .3) F(z:...zy) = E(...¥x)

»

.

- The last relation holds by definition identically in all the variables
{ the model z, ... zs, when we insert for 4, ... yx in the right member
(12.3) the expressions given by (12.1).

(114 Qe ¢ = A;¢f + B, (o)

A similar treatment of P;* would replace this constant by a linear
expression of ¢ so that we would end up with an expression of the

expr The interview preference function E can be studied from the

ewpoint that all its variables y,..yy are free variables, and the nu-
] cal form of the function can be constructed by the methods of the
receding sections. When this is done, the substitution (12.2) carries

ver into the model preference function F(z,...zy). In particular
have

(11.5) Fo = C+ P>+ QL x + Rzt (g o

to replace (5.19), P, @ and R, being constants determined from
terview data on distributions,

() Note that S in (5.9)- (5.10) is only a dummy affix while in (11.1)
is not. .

F, = 3 EaG, (g=1,2...N)
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where
3E (¥, ...Uw)
12. E = ——— i=1,2...
(12.5) i 3y ¢]
and
3G (1 ...Zx)
(12.6) Ge = —— T (j=12...M; 9 = 12.
8%

for programming in the Oslo Median Model

The coefficients determined are given in tab. (13.1). The ordinal num-
s for the variables, as well as their terminological description in
. (13.1), are the same as in the memorandum of 10 October 1956 on
-Oslo Median Model.

TAB. (13.1) - Coefficients P; and Q; for a quadratic preference function

In many practical cases the functions G; for many of the variables
will simply be z; so that for these values of j we have

(17.7) Y = &

while for some additional y variables we may have more complicate

functions of z,...zs. It is an advantage if we can use linear approxi

mations to (12.1).

13. EXAMPLE OF THE ACTUAL DETERMINATION OF A MACROECONOMIC PREF:
ERENCE FUNCTION.

Following the principles developed above, and using the data give
in tab. (3.1) - (3.2) as well as other material, a macroeconomic preferen
function has actually been constructed for the Oslo Median Model (
This was made possible through the wholehearted collaboration of
prominent Norwegian politician who gave much of his valuable time
experiments in working out our interview technique.

The preference function as it now appears is only a device for
in _illustrating methods of linear and quadratic programming on t
Oslo Median Model. The resuits of this experimental work have, how-
ever, been so promising that 1 have no doubt that we have here the
outlines of a technique which is going to play a great role in mac
economic programming in the future.

Description P,
331’ Export surplus
Disposable i in h holds whose main 76801
'iucome consists of wages 29.08563
Disposable income in households of entrepre-
neurs
Disposable i in h holds of ] 2113082
and fishermen y
Disposable income for persons living on pen- 2005801
sions and persons living in institutions 17.15249
Government investment 11.70987
Inve'stfnents in extractive industries excluding
R mining
348 Investment in sea transport and whaling gigggﬁ
+ 349 Investment in manufacturing industries pro- ’
ducing for the export market 12.81269
A350 Investment in land and air transpoert, post and ’
telecommunications 17.10417
351 Investment in mining and in manufacturing '
industries producing capital goods for the
home market (capital goods used by Nor-
wegian sectors) 17.39012
Invest‘ment in manufactuaring industries pro-
ducing consumers goods for the home market 11.81650
Investment in housing, power plants and gas
c ::z;ﬁ:n 21.09005
ent purchases of goods and services
on current account 16.49737

Q;
(To be ap-
plied to fig-
ures expressed
in millions of
kroner)
—0.00313
—0.00246
—0.00526
—0.00701

—0.00732
—0.00587

—0.02414
—0.00805

—0.01261

—0.01261
—0.01261
—0.02414
—0.00960
—0.00368

The quadratic preference function constructed contains 14 varia
bles all of which are assumed to be measured in millions of Kron
The P; will — if they are determined through (5.8) or (9.1) — be inde-
pendent of the unit of measurement, but the Q; as determined by (5.9
or (9.2) will depend on the unit.

() The model is described in the memorandum of 10 October 1956 « M
features of the Oslo Median Model».

NOTE ON THE DIAGONAL OR OTHER FORMS OF MEAN REGRESSIONS.

[he term « regression » in the strictly stochastic sense is derived
rom the concept of a simultaneous distribution of several variables.
1 such a distribution we consider all the variables as given except
of them, i.e. if we consider that particular part of the total distri-



bution whére these variables have preassigned values (or are lying
in infinitesimal intervals around such values), we get the conditional ‘
distribution of the remaining variable, and we may compute the math-
ematical expectation in this distribution. It will, of course, in general
depend on the levels that were prescribed for the other variables. The
function that expresses how the conditional mathematical expectation
considered depends on the prescribed levels of the other vanables
is the (elementary) regression of that variable on the others.

40 o » RAGNAR FRISCH NUMERICAL DETERMINATION OF A QUADRATIC PREFERENCE FUNCTION

41

the elementary regressions, where all the variability a priori is

thrown into one single variable and all the others are left without
ariability.

Whether such an assumption about polarization shall be permis-
ble or not, will depend on knowledge we have before the statistical
ting process. We must know something about the way in which the
jobzierved phenomenon is actually produced.

Take for instance the case of interview data from distribution
uestions discussed in the previous sections. Here it may be a reason-
ble model to assume that the total S is given and the individual dis-
tribution figure z, is a stochastic variable whose expectation depends

__S according to.a regression equation which may, say, be assumed
- the form

When we use the term «regression» in the mean or symmetric
sense, we may or may not have a strictly stochastic model in mind.
Tn either case the fundamental assumption is now that there exists
nothing in the problem which permits us to single out one of the
variables from the others and treat this one differently from the rest.
We simply have a more or less vague idea that from the viewpoint
underlying the problem — such as for instance the equality of two
marginal preferences in a substitumal point — the variables are « ap-
proximately connected » by an equation, perhaps a linear equation, ie
the observations should be looked upon as lying approximately on a
surface, but the polarization of the equation, ie. the direction of the
« cause », is completely lacking. It may well be that we perform a
smaller distortion of the reality by using some sort of empirical curve
fitting that actually treats the variables in a non polarized way, than
by using a highly refined stochastic machinery with assumptions tha

P,+Q,x,=A+BS

here now z; stands for the conditional expectation of z;, and P;, Q,
and B are constants. Obviously all these constants cannot be deter-

= (A + BS—Q, ¢,

do introduce polarization. Example: The rough diagonal regression Q, = Mo B
will probably give a better result than any of the elementary regression . my,
applied to (5.5).
The use of such devices as to introduce « errors in the equation . :
instéad of introducing « errors in the variables » is no answer at all t = 3 (S—8y

the difficulty discussed, because the result obtained from an «erro

My = 3 (S—29) (¢f — ) =
in the equation »-approach will depend fundamentally on how we. () i

choose to write the equation (how we choose to arrange its terms . S
before we inject the errors. As a rule there will be nothirig a prio 8 = T
(except convenience of calculation) that can permit us to prefer on

form of the equation for another. The « error in the equation »-approac rog 2¢,°
is therefore only a concealed and unfounded form of polarization. 31

It can only be through some sort of classification of the individua
variables according to their individual « error variability » (for instan
a model with an additive error term on each variable) that a polari
zation can be introduced. The extreme case here is, of course, tha

* being the observed distribution numbers.

~Intuitively we may conclude that if the data are rough, the deter-
ination of Q, will be less stable by (14.3) than by (5.9). And in this
onnection it is not only a question of determining stability by the:



usual standard errors on regression coefficients and similar devices,
but judgement of how far individual and fairly big «shocks» may
come into the picture and effect results. Looking at the matter from
a purely heuristic viewpoint, we see that the denominator of (5.9) can
only be zero if ¢ is rigorously independent of § — and then it will
simply be pushed over into the constant term of the preference func-
tion as explained above, so that no trouble arises, while in (14.3) the
denominator may become zero if positive and negative terms in’ the
product under the summation sign cancel out.

NUMERICAL DETERMINA.V' OF
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: In many cases one would do better to follow the latter pr
cedure. And in fact much statistical analysis does follow — and oor
rectly so — this « horse sense » procedure. But, of course, this sh COIP'
not t{e'an excuse for always choosing the crudest and simpiest sol ’c(.)iu \
Empirical fitting procedures are permissible in a new field wherl'le (\):rle

must Illalxe a daSh fOI war d. But tlle Ileed fO! lIIlpIOVEl]lellls Sll()ul vV
d neveil

The further we can go in the direction i ; i
models that are really adequate to the specifiCOfprflyl:xplglge Sl:::ft};?St;
a model is to be really adequate, it must take account’of the en' is
of the phenomenon. This means that we should ’pérhaps be mori cae:h
fl:ll than we have been hitherto when adapting methods from oe.
field 'to another. And in particular we should perhaps be a little mor;e
sceptical about methods that from a formal point of view seem to bE
50 general as to be applicable to practically any problem. - 6

But, at least, (14.2)-(14.3) would be very much better than th
result that would emerge if we calculated in (5.5) the elementary re-
gression of 4)1 on ¢83 or inversely. Even though these elementary re-
gression coefficients turned out to be very «significant» from the
viewpoint of the stochastic model that treats the two variables in a
polarized way, we could say beforehand that in reality such coef!
cients are not significant in the deeper meaning of the word because
the polarized model does not apply. RacNar Frisce

. . Oslo. i i : . .
It is my conviction that much of the current practice of equation Universitetets Socialokonomiske Institutt.

fitting — .individual equations or systems of simultaneous equations

is off the mark because too much emphasis is put on an exact deri
vation of stochastic conclusions from given assumptions and too little
is put on the nature of the mechanism that has produced the observed.
phenomenon. The latter discussion must necessarily be on an a priori:
basis (a priori in relation to the data which are to be analyzed by the:
stochastic model). When we recognize this and time does not permit
us to await the construction of a stochastic super-model that could
analyze also the genesis of the phenomenon for which data are now
at-hand (a super-model which would again have to be based on what
is a priori in relation to this model), two alternatives may be open:
either to use a refined stochastic model which is provided with tests
of significance that are very satisfactory when the model is granted,
but is based on certain assumptions that even by a « horse sense»
judgement must appear as in flagrant contradiction to the little we
know about the genesis of the phenomenon (drastically exemplified if
we would determine the coefficients of (5.5) by one of the two elemen-
tary regression coefficients supplemented by its standard error) —
or to use heuristically some cruder empirical fitting procedure about
which we know at least that it does not contradict what we know about
the genesis of the phenomenon (exemplified by using the diagonal re-
gression to determine the coefficients of (5.5)).

2 . ’T.
Additional Note 1. Regarding (5.6).

The first and second elemen ry i Y y
! ) ta regression equation respectively i
equation obtained from (5.6) by inserting in the right member the factc?i rtm3
o

and :

respectively, where r B is the correlation coefficient between ¢
@

af
and ¢ 5 - The geometric average between these two equations is (5.6).

:Additional Note 2. Regarding the reasoning before (5.14).

map’srhte;l:t n;::d bte d::lferent choice indicators and even different indifference
: o} e same substitumal. For programmi i
not sufficient to know the class of i ; tors that. tead to the
i all the choice indicators that 1
ame substitumal. We must know the mo: j  lents 1o e
Htu . re restricted class that leads
ctually existing (and in princi indi el
ple observable) indifference surfaces. Thi
) X is
_that the level term C must be determined. This can (in principle) be dr:ne:n;

indifferen pOlIlt le; one o which is
‘We have lufolulatloll about two t S, at ast f



